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ABSTRACT 


One  of  the  long  outstanding  open  questions  in  point  set 
topology  asks  whether  or  not  each  normal  Moore  space  is  metrizable.  Our 
effort  in  this  thesis  is  directed  towards  the  study  of  intrinsic  properties 
which  characterize  Moore  spaces  and  the  study  of  some  related  generalizations 
of  metric  spaces . 

We  begin  in  Chapter  1  with  the  investigation  of  a  class  of 
spaces  introduced  by  Aragelskii,  called  p-spaces .  Various  spaces  related 
to  p-spaces  are  also  discussed. 

Chapter  2  contains  definitions,  notations  and  some  of  the  known 
results  concerning  networks  for  topological  spaces,  and  spaces  with  G^- 
diagonal  that  are  used  in  the  following  chapters.  We  believe  that  the 
notion  of  almost  base  and  the  characterization  of  spaces  with  G^-diagonal 
is  new. 


In  Chapter  3  we  study  a-paracompact  spaces  and  their  relation 
with  some  other  well  known  topological  spaces . 

In  Chapter  4  we  give  various  characterizations  of  semi-metric 
spaces.  The  following  is  of  special  interest:  A  regular  space  is  semi- 
metrizable  iff  it  is  first  countable  and  has  a  a-cushioned  paired  network. 

In  Chapter  5  we  give  various  characterizations  of  quasi- 
metrizable  spaces  and  a  necessary  and  sufficient  condition  for  a 
space  to  have  a  conjugate  strong  quasi-metric. 
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In  Chapter  6  we  give  an  intrinsic  characterization  of  Moore 
spaces  and  show  that  every  completely  regular  conjugate  strong  quasi¬ 
metric  space  is  a  Moore  space. 

In  Chapter  7  we  define  the  notions  of  weakly  fundamental 
sequences  of  coverings  and  weak  k-refining  sequences  of  coverings,  and 
we  give  a  characterization  of  Nagata  spaces  in  terms  of  weakly  fundamental 
sequences  of  coverings,  weak  k-refining  sequences  of  coverings  and 
certain  almost  bases.  Finally,  we  end  this  chapter,  and  the  thesis, 
with  some  metrization  theorems  for  the  various  classes  of  spaces  we 
have  studied  here. 
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INTRODUCTION 


Perhaps  the  most  tantalizing  open  question  remaining  today 
in  point  set  topology  is  the  problem  of  determining  whether  each  normal 
Moore  space  is  metrizable.  Our  efforts  in  this  thesis  are  directed 
towards  the  study  of  some  intrinsic  properties  vrhich  characterize  Moore 
spaces  and  the  study  of  some  related  generalizations  of  metric  spaces . 

A  Moore  space  is  a  topological  space  which  satisfies  Axiom  0 
and  the  first  three  parts  of  Axiom  1  of  [40] .  In  modern  terminology 
a  Moore  space  is  a  regular  developable  space.  It  is  well  known  that 
every  Moore  space  is  semi-metrizable .  On  the  other  hand,  Ceder  [16] 
has  shown  that  every  Nagata  space  is  semi-metrizable.  Also,  quasi¬ 
metric  spaces  have  a  natural  relation  with  Moore  spaces .  We  will  show 
that  a  completely  regular  Moore  space  is  a  a-paracompact ,  p-space  with 
G  -diagonal.  Therefore,  as  promised  in  the  previous  paragraph,  our  sub¬ 
ject  of  investigation  becomes  a-paracompact  spaces,  p-spaces,  spaces 
with  G^-diagonals ,  semi-metric  spaces,  Nagata  spaces,  quasi-metric 
spaces  and  metrizable  spaces . 

In  Chapter  1,  we  investigate  p-spaces,  strict  p-spaces  as 
defined  by  Arhangelskii  [7];  M-spaces,  P-spaces  by  Morita  [41],  and  the 
A-spaces,  wA-spaces  introduced  by  Borges  [13].  The  notable  results  in 
this  chapter  are  characterizations  of  p-spaces  without  reference  to 
compactification  in  Theorem  1.1.1  and  the  result  that  every  wA-space  is 
a  P-space. 

In  Chapter  2,  we  define  the  notions  of  (i)  almost  base  and 
(ii)  a-cushioned  paired  network  for  a  topological  space.  We  study 
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various  properties  of  spaces  with  a-cushioned  paired  networks.  We  also 
show  that  a  topological  space  has  G^-diagonal  iff  it  is  an  open  T^-image 
of  a  metric  space. 

The  main  results  of  Chapter  3  are  the  following: 

(a)  Every  F^-screenable  space  is  a-paracompact . 

(b)  X  is  F^-screenable  iff  every  open  cover  has  a  a-locally 
finite  closed  refinement. 

(c)  F^-screenable  spaces  are  invariant  under  perfect  maps 
in  both  directions. 

(d)  For  locally  compact  Hausdorff  spaces,  X  is  F^- 
screenable  iff  X  is  a  countable  union  of  closed  paracompact  subspaces. 

(e)  If  X  is  metacompact  and  every  closed  set  is  then 

X  is  F  -screenable. 
a 

(f)  In  countably  metacompact  spaces,  X  is  screenable 
iff  X  is  0" -fully  normal. 

(g)  In  a-paracompact  spaces,  X  is  compact  iff  countably 

compact . 

(h)  A  metacompact  completely  regular  space  need  not  be 
a-paracompact.  This  answers  a  question  of  Arhangelskii  [7]. 

In  Chapter  4,  we  give  several  necessary  and  sufficient 
conditions  for  semi-metrizability .  In  particular,  we  show  that  a 
regular  space  is  semi-met rizable  iff  it  is  first  countable  and  has  a 
a-cushioned  paired  network. 

In  Chapter  5,  we  give  various  necessary  and  sufficient 
conditions  for  quasi-metrizability  of  topological  spaces.  We  also  give 
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a  necessary  and  sufficient  condition  for  a  topological  space  to  have  a 
conjugate  strong  quasi-metric.  Unfortunately,  we  could  not  find  a 
necessary  and  sufficient  condition  that  is  "purely”  topological. 

In  Chapter  6,  we  have  obtained  the  following  results: 

(a)  A  completely  regular  space  X  is  a  Moore  space  iff 

X  is  a-paracompact  and  the  diagonal  of  X  is  a  closed  G.  set  in 

0 

X  X  BX,  where  BX  is  a  Hausdorff  compactif ication  of  X  . 

(b)  A  completely  regular  space  X  is  a  Moore  space  iff 
X  is  a  a-paracompact,  p-space  with  G^-diagonal. 

(c)  A  completely  regular  space  X  is  a  Moore  space  iff  it 
is  a  p-space  and  has  a  a-cushioned  paried  network.  This  answeres  the 
question  in  [15] . 

(d)  Every  conjugate  strong  quasi-metric  space  is 
developable. 

In  Chapter  7,  we  show  that  the  notions  of  weakly  fundamental 
sequence  of  coverings  and  weak  k-refining  coverings  are  equivalent.  A 
T^-space  is  Nagata  iff  it  has  a  weakly  fundamental  sequence  of  coverings 
or  a  weak  k-refining  sequence  of  coverings.  We  also  show  that  for  a 
regular  space  X  to  be  Nagata  it  is  necessary  and  sufficient  that  it 
is  first  countable  and  has  a  a-cushioned  paired  almost  base.  Finally, 
we  give  some  metrization  theorems.  The  Theorem  7.3.3  is  of  interest  as 
it  answers  the  question  raised  by  McAuley  [35],  "Is  it  possible  to 
partition  Bing’s  Theorem  4  of  [11]  into  three  or  more  parts  which 
begins  with  a  condition  for  a  topological  space  and  which  ends  with  a 
condition  for  metrizability  of  the  space,  but  with  necessary  and 
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sufficient  conditons  somewhere  between  these  extremes  for  semi-metric 
and  Moore  Spaces?" 


The  following  notation  and  terminology  will  be  used  through¬ 
out  this  thesis. 

1.  If  ^  is  a  collection  of  sets,  then  u (A  |  A  e  is 


the  set  of  all  x  such  that  x  e  A  for  some  A  e  A 


%  ■ 


sometimes , 


U  (A  I  A  e  A)  will  be  denoted  by  . 


2.  If  {A  a  e  a}  is  a  family  of  sets  such  that  each 
member  is  a  family  of  sets,  then  {A  a  e  a}  =  u,  {A  A  £  A.  }  where 
A  =  {A  A  e  A  }  for  each  a  e  a. 

3.  Unless  explicitly  stated  otherwise,  the  letters  i, 
j,  k,  m,  n  will  denote  variables  whose  values  are  natural  numbers. 

4.  All  other  terms  not  defined  here  in  are  used  as  in  [19] 
and  [28]  with  the  exception  that  regular  and  normal  spaces  are  assumed 
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CHAPTER  I 


p-SPACES 


The  concept  of  p-space  is  quite  recent.  It  was  introduced  by 
Arhangelskii  [7].  The  importance  of  this  notion  lies  in  the  fact  that 
a  paracompact  Hausdorff  space  admits  a  perfect  mapping  onto  a  metric 
space  iff  it  is  a  p-space.  Hence,  in  particular,  it  follows  that  the 
product  of  a  countable  set  of  paracompact  Hausdorff  p-spaces  is  a 
paracompact  Hausdorff  p-space.  Furthermore,  the  closed  image  of  a 
metrizable  space  is  metrizable  iff  it  is  a  p-space. 

The  definition  of  p-space  given  by  Arhangelskii  [7]  involves 
compactif ication  of  the  space.  In  view  of  the  above  interesting  properties 
of  p-spaces  Alexandroff  [3]  suggested  a  problem  of  finding  a  direct 
intrinsic  definition  (without  appeal  to  compactif ication) . 

The  investigations  of  this  chapter  are  motivated  by  the  above 

problem. 

Definition  1.1.1  A  completely  regular  space  X  is  called  a  p-space 

.  OO 

iff  there  is  a  countable  family  open  covers  of  X  in  any 

one  (hence  in  all)  of  its  Hausdorff  compactif ications  such  that 
.n,  st(x,V.)  c  X  ,  for  all  x  c  X  . 

Definition  1.1.2  Let  {A^  |  s  £  S}  be  a  family  of  subsets  of  a  set 
00 

X  and  {V.},  ,  be  a  countable  family  of  covers  of  X  .  Then,  we  say 
'll  1=1 

that  the  family  {A^  1  s  e  S}  has  sets  which  are  base  point  small  relative 


I  aaT^D 


aaoAaa-q 
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loailb  B  gnlbnll  lo  raaldo-iq  b  faalasggua  [£]  iloibuBxalA  aaDBqa-q  lo 
.  (nollBoiillDBqmoo  ol  Jjsaqqs  luorfllw)  nolllnllab  alartlxlnl 

avodfi  aril  yd  balsvilom  sxb  xalqsriD  axril  lo  anollBgllaavnl  ariT 

.inaldo'iq 
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aosge-q  b  balls d  al  X  aoBqa  xslugai  ylalalqnioo  A  I.l.I  nolllnliaCt 
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yns  nl  X  io  anavoo  naqo  io  .  yllniBl  aldBiniiOo  b  el  axaril  ill 

X»X  X'X' 

iBrii  riaue  snollBDiiliaBqntoo  iiiobatraH  ell  io  (IXb  nl  aoxrarf)  ano 

»■'  OP 

•  X  3  X  XXb  xoi  *  X  3  (.V,x)la 

i,  '  „  _  iJ'*  1*1 

198  B  io  Blaedua  io  yXlmBi  b  ad  {2381  A}  laJ  S  .X,X  nolilnliaa 

3  - — 

...  ■*■ 

yea  aw  ^nariT  .  X.  io  eiavoo  io  yXlmBi  aldBlnnoo  b  ad  X 

EV 

avlislai  XX^e  Inloq  aasd  ais  rioiriw  eiaa  afiri  {2  3  a  1  A}  yXlraai  aril  Ifiril 


2. 


to  {y.},  -  iff  there  exists  x  e  X  such  that  for  each  i,  there 
1=1  o 

is  s.  €  S  and  e  V.  for  which  x  £  and  A  c  . 

1  ^>1  o  s , 

1 


Theorem  1.1.1  A  completely  regular  space  X  is  a  p-space  iff  there 

00 

exists  a  countable  family  {V.},  .  of  open  covers  of  X  such  that 
for  every  family  of  closed  sets  I  s  ^  which  has  the  finite 


intersection  property  and  contains  sets  which  are  base  point  small 

00  I 

relative  to  {V.}.  _  the  inequality  n(F  s  e  S)  6  holds. 

Vl  1  =  1  ^  s'  /  /  T 


Proof .  Let  us  suppose  that  there  exists  in  X  a  countable  family 

00 

of  open  covers  of  X  which  has  the  required  property.  Let 

y.  =  {V^  Is  e  S.}  for  i  =  1,2,...,  and  let  denote  an  open  set 

VI  s  '  1  >  >  >  g  t' 

v  i  i 

in  3X  (the  Stone  Cech  Compactification  of  X)  such  that  V  =  W  n  X 


00 

for  s  e  S.  and  i  =  1,2,...  .  Evidently,  {W,}.  ,  where 

1  ’  Vl  1=1 

Vi  ~  I  ®  ^  is  a  countable  family  of  open  covers  of  X  in  6X 

00 

for  each  i  .  We  now  show  that  .n,  St(x,W,)  c  x  for  all  x  e  X  . 

i=l  vi' 

00 

Let  ye  ,n.  St(x,W.),  and  let  B(y)  be  the  family  of  all 

its  neighborhoods  in  gX  .  The  family  { (Cl  B)  n  X  |b  e  B(y)}  consists 

pX  V 

of  closed  subsets  of  the  space  X  and  has  the  finite  intersection 
property.  Also,  for  each  i  there  exists  s,  such  that  x,  y  is 


in  W  .By  the  regularity  of  3X  there  is  Be  B(y)  depending 

i  ^ 

on  i  such  that  y  e  B  and  C1_„B  c  w  .  This  implies  that  the 

pX  s . 

1 

family  {(Cl-  B)  n  X  |  B  e  B(y)}  contains  sets  which  are  base  point 
pX  ^ 


small  relative  to  {V.}.  , 

VI  1=1 


the  base  point  being  x  .  Therefore 


by  the  hypothesis  n(X  n  (Cl  B)  |  B  e  B(y))  =  X  n  (n(Cl  B  |  B  e  B(y))  )  ^  <p 

pX  pX  ^ 
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3. 


But  n(Clg^B  I  B  €  ^(y))  =  y  ,  hence  y  e  X  .  Since  y  is  an  arbitrary 


member  of  , n-  St(x,V,),  consequently  .n.  St(x,V.)  c  x  . 

1=1  ^  ^  1=1  *^i 


Conversely,  let  us  assume  that  X  is  a  p-space,  i.e.,  there 

00 

exists  a  countable  family  open  covers  of  X  in  3X  such 

00 

that  for  each  x  e  X  we  have  .n.  St(x,V,)  c  x  .  For  each  x  e  X 

1=1  ^1 

and  i  =  1,2,...,  let  be  an  open  set  in  SX  such  that 


X  e  c  Clo„W^  c  V  for  some  V  e  V, 
X  BX  X  '^^i 


We  shall  show  that  the 


.00 

countable  family  open  covers  of  the  space  X  ,  where 

=  {X  n  I  X  e  X}  has  the  required  property. 


Let  {F  I  s  e  S}  be  a  family  of  closed  subsets  of  X  which 
s 

has  the  finite  intersection  property  and  contains  sets  which  are  base 
point  small  relative  to  {U,},  ,  .  The  family  {C1_„F  s  e  S}  has 

the  finite  intersection  property  and  consists  of  closed  subsets  of  3X  . 
Therefore,  by  the.  compactness  of  3X  ,  n(Cl  F  |  s  e  s)  4^  ^  •  Suppose 

P.A.  S 

X  e  n(Cl„„F  I  s  e  S)  .  Since  F  =  X  n  (C1„„F  )  ,  in  order  that 
pX  s  s  pX  s 

X  e  n(F  I  s  £  S)  ,  it  is  enough  to  show  that  x  £  X  . 
s 


Because  {F  |  s  £  S}  has  sets  which  are  base  point  small 
s 

00 

relative  to  {U,},  ,  ,  there  exists  x  £  X  such  that  for  each  i, 

'V.l  1=1  o 

one  can  choose  s,  £  S  and  e  U,  such  that  F  c  and  x  £ 

1  s .  o 

1 

Since  x  £  C1-„F  c  Cl.^U^  c  Cl.^W^  c  St(x  ,V.)  ,  it  follows  that 
3X  s ,  3X  3X  X,  o  ^1 

1  1 

oo 

X  £  St(x  ,V.)  for  all  i  ;  but,  by  the  hypothesis  ,n^  St(x  ,y,)  c  x  . 
o  ^i  i  ■>  J  J  tr  o  '^'l  — 


Consequently,  x  e  X  .  Hence  the  theorem  is  proved. 
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Corollary  1.1.1. A  A  completely  regular  space  X  is  a  p-space  iff 

00 

there  is  a  countable  family  open  covers  of  X  satisfying: 


(a) 

for 

each  X 

£  X  and 

r  i  °° 

any  sequence  {V  ^bere 

£  y. 

'X.l 

X  £ 

for  each 

i  ,  A 

X 

oo 

=  V  is  compact;  and 

(b) 

the 

family 

_ .  00 

{V  } 

^  1=1 

is  the'basd'  for  the  open  sets 

containing 

A  . 

X 


The  proof  follows  immediately  from  Theorem  1.1.1. 


Remark  1.1.1  If  a  completely  regular  space  X  is  a  p-space,  then 

00 

by  Theorem  1.1.1,  there  exists  a  countable  family  open 

covers  of  X  such  that  for  every  family  of  closed  subsets  {F  |  s  e  S} 

s 

of  X  which  has  the  finite  intersection  property  and  contains  sets 

00 

which  are  base  point  small  relative  to  non-empty  inter- 

oo 

section.  Now,  it  is  easy  to  show  that  the  countable  family  {V.},  ^ 

of  open  covers  of  X  is  pointwise  finitely  additive;  i.e.,  for  each 

X  e  X  and  each  i  =  1,2,...  and  finitely  many  members  V^,  . . . , 

n.  ^  i 

containing  x  ,  the  ,u,  V,  is  an  element  of  V,  . 

^  J=1  3 


Theorem  1.1.2  Let  X  be  a  completely  regular  space  and  3X  be  the 

Stone  Cech  compactif ication  of  X  .  Then,  X  is  a  p-space  iff  there 

exists  a  sequence  open  sets  in  X  x  3X  such  that 

A„  c  .n,  G.  c  X  X  X  ,  where  =  {(x,x)  x  e  X>  . 

X  1=1  1  X  ' 


Proof .  Let  X  ,be  a  p-space.  Then  there  exists  a  countable  family 

{V  }?  ,  of  open  covers  of  X  in  3X  such  that  .n^  St(x,V,)  c  x  for 
^i  i=l  1=1  ^1  — 


9oaqa-q  a  a±  X  soaqa  ^IsisXqraOD  A  A.I^X.I  T^allo^o^ 

•SnXyiai^sa  X  lo  eisvo.o  naqo  5o  sldBzJowoo  fl  al  diarfd 

V  3  siariw  .  "Ti'^V}  aonsupaa  yns  has  X  9  x  rfoa©  3ol  (a) 

ii.*'  I=± 

V _  CO  h 

;i  bna  jqoaqffloo  ai  V  =  ^A  ,  1  tio&B  loi  v  3  x  boa 

snioxsanoo  adaa  nsqo  arid  loX  'baacf'arfd  a±  Xlxraai  adn  (d) 

A 

'  d' .  W 

.  * 


.1.1.1  nisiosrfT  flioxi  awollo^  ^ooiq  SifT 

I 


narfd  ,90sq3-q  a  al  X  sosqe  'lalugsi  a  U  I.X.I  Mttainag 

CO  =  ' 

nsqo  Xo  ^XXma^  aXdaJnuoo  a  a3s±xa  9X9/l3  ,X.X.X  msioarfT  y;d 

{8  3  8  I  8398du8  baaoio  Xo  daril  riooa  X  -  io  eiavoo 

8^98  an±e3noo  bna  Y^'^isqoiq  oroi 3 09 sat 93nX  93±niX  9ri3  sad  doiriw  X  io 

00 

-i93nX  Y3<I®®“no^  8®rf  X=i^±^^  avxdsXsar  XXanra  drrioq  saad  9is  riolriw 
00 

j._^lj.V}  Y-^-i®®^  9Xda3xiuoo  9d3  3ad3  worie  o3  y®®®  sX  31  ,woM  .00x3398 

riDas  lol  «.9.i  J9vl3±bbs  YX93inxl  9alw3oioq  al  .  X  lo  a^avoo  naqo  lo 

,  ^  i 

«...  « J.V  B“i9dm9ni  Ynatn  yXsIIoII  bos  ...«S«X  =  1  rioas  bna  X  3  x 

X  1.  ’ 

*  i^*  309019X9  xiB  ex  9xi3  «  X  gnlolBlooo 


9rf3  9d  X9  boa  sosqa  TaXogai  YXslsIqoroo  a  sd  X  39 J  S.X.X  martogrfT 
939ri3  111  90Bqa-q  a  ai  X  «n9riT  .  X  io  ool3E3±li3oBqinoD  riosO  90033 

I 

3afl3  iioue  X8  x  x  ni  8393  nsqo  lo  x— soosupsa  a  a3eix9 

.  {X  3  X  I  (x«x)}  =  A  9i9dw  «  X  X  X  o  ,3  3  A 

1  X»1  X 


Ylltnal  9Xda3nooo  a  a3alx9  3iad:s  o.sriT  .soaqe-q  a  sd.  X  39 J  .loottg 

3ol  X  ^  (^V«x)38  3Bri3  rfooa  xa  oi  X  lo  a^svoo  o9qo  lo  *”{  y} 

X*1  13' 


5. 


all  X  e  X  .  Let  us  define  G.  =u(WxVW=VnX  and  V  £  V.) 

1  ' 


G. 

1 

is 

open  in 

X  X  3x 

00 

i2i 

G. 

1 

c  X  X  X  . 

If 

contains  A  .  We  need  only  show  that 
X 

00  00 

(x,y)  £  then  y  £  St(x,V^)  .  Consequently,  by  the 

00 

hypothesis,  y  £  X  .  Hence  G^  c  x  x  x  . 

00 

Conversely,  let  us  assume  that  A„  c  G,  c  X  x  x  ,  where 

X  1=1  1 

G^  is  open  in  X  x  3x  for  each  i  .  For  each  x  £  X  and  i  =  1,2,...  , 

let  us  choose  an  open  neighborhood  of  x  in  3X  such  that 

(V^  n  X)  ^  c  G.  .  We  shall  show  that  the  countable  family  ‘tv,}.  ,  , 

where  =  {V^  |  x  £  X}  for  i  =  1,2,...  ,  of  open  covers  of  X  in 

00 

3X  has  the  required  property,  i.e.,  StCx,^^)  <=  X  for  all 

X  £  X  .  Let  y  e  St(x,V^)  ,  where  x  is  any  point  of  X  .  Then 

00 

(x,y)  £  G^  c  X  X  X  implies  y  £  X  .  Hence  the  theorem  is  proved. 

Arhangelskii  [7]  has  also  defined  the  notion  of  a  strict 
p-space,  a  stronger  notion  than  that  of  p-space.  Noticing  that  the 
definition  of  strict  p-spaces  again  requires  use  of  a  compactif ication 
of  the  spaces  involved,  we  now  extend  our  investigation  to  look  for 
an  internal  characterization  of  these  spaces.  One  of  our  characterizations, 
the  third,  has  also  been  given  recently  by  Burke  and  Stoltenberg  [12]. 

Definition  1.2.1  A  topological  space  X  is  called  a  strict  p-space 

-  00 

iff  there  exists  a  countable  family  open  covers  of  X 

in  3X  (where  gX  is  the  Stone  Cech  Compcatif ication  of  X)  satisfy¬ 
ing  the  following  conditions: 

00 

iSi  st(x,;s;.)  c  X  ; 


(a)  for  each  x  £  X  , 


&  y  bnc  XnV«w|VxW)u-^0  snlisfa  au  dsJ  .  X  b  x  lie 

fans  xa  X  nl  fldqo  el  j.3  ,  1  rf^ss  lol  ,^liittBbtv3  .  1  rfoss  ?o5 

51  .  X  X  X  3  .0  ..n  woffe  vlrib  bdsn  sW  .  _/i  8nlsi0O3 

1  I«1  '  X 

9ri3  vd  ,^X3fleup98noD  .  (  J^tx)38  3  Y  narfx  j^D  3  (X«^/ 

.  X  X  X  3  gonaH  .  X  3  ^  eelas/floqyrf 

_r-,  % 

9>Tsdw  .  X  X  X  3  rO^  ?  3Brf3  smi/eeB  au  nal  .vlsaiavnoO  it.J 

1  I»»l  X 

,  ...^£,1  «  1  brrs  X  a  x  rfoBs  t:©*?  .  1  rfoBS  lol  Xa  X  nl  nsqo  al 

3Brf3  rioua  xa  nl  X  5o  booriioddglsn  nsqo  ns  aeoorfo  eu  5dl 

I  X 

t  r  .  ( i.V^  vIlffiBl  sldB^nnoo  sxfl  3Bri3  worfa  Ilsrfa  aW  .  .0  3  ^  (X  n 

l»x  i'/'  1  X  X 

*  .  1  jt  . 

nl  X  io  819V03  nsqo  5o  »  =  1  "lol  iX  3  x  |  ^V;  ~  aisiiw 

_t- 

CC 

LLs  -305  X  3  (^y,x)38  j-gj.  ,.9.1  ,Y^i9qoTq  bsiiupa^  9rf:J  asri  xa 
nsflT  .  X  5o  dnioq  \fnB  ai  x  ais.dw  ,  (^^,x)53  3  X  .  X  ^  x 

^  o> 

.bsvoiq  al  arsioaril  aril  aonsH  .  X  3  v  asilcrml  X  x  x  3  .0  _n^  3  (v.x) 

X  I=»± 

^  iDlUa  B  io  noxlon  adJ  baniiab  oaXs  bbH  lljJeXasnBri'jA 

aril  Jfirfl  snlolsoW  .soBqa-q  2o  iBxil  nsdl  noilon  tiasno^la  b  ,sDBqa*-q 
-  nollBDill^JSqtnoa  s  5o  sau  asilupsx  nlBas  asoBqa-q  loixia  3o  nolllnilab 
lol  3looX  oj  nollBglieavnx  xuo  fanslxs  won  sw  ^bsvXovcl  aao&qa  sda  lo 
,  enolXBsxxs^DBtxfirfo  mo  lo  snO  .asosqa  sasril  lo  nollBSixaioBiBrio  Xfimsdnl  nB 
•  t^l]  gisdnaxXolS  bnB  9>[ma  yd  ^XdnaosTr  nsvlg  nssd  oaXs  esri  ,bilrt3  ad'3 

1  I 

soBqa^q  Jolxle  b  baXIao  al  X  aosqa  XBOxgoIoqol  A  X.S.X  nolllnllgg 
X  5o  819V03  nsqo  5o  yUjubI  sldslnnoo  b  8lalx9  amdl  551 

-Y^Bllae  (X  5o  noiiBDlllisDqaioO  rioaO  sno32  sril  al  X8  sis.dw)  Xa  nl 

:8nol3ibnoD  gnlwoIIo5  aril  gal 

;  X  2  (^v;,x)3a  ^nj. 


,  X  3  X  riOBS  ^o5  (b) 


(b)  for  each  x  e  X  and  i  there  is  j  >  i  such  that 


cigx(st(x,;^^))  c  st(x,^.)  . 

Definition  1.2.2  Let  {A_  |  s  e  S}  be  a  family  of  subsets  of  X  and 

^^i  1-1  ^  countable  family  of  open  covers  of  X  .  Then  we  say 

{A^  1  s  e  S}  has  sets  which  are  base  point  strictly  small  relative 
s 

iV.;.  .  iff  there  exists  x  e  X  such  that  for  each  1  there  is 
I'l  1=1  o 

s,  £  S  for  which  A  c  St(x  ,V,)  . 

1  s,  o  '^^i 

1 

Theorem  1.2.1  In  a  completely  regular  space  X  the  following  state¬ 
ments  are  equivalent : 

(i)  X  is  a  strict  p-space; 

00 

(ii)  there  exists  a  countable  family  {V,},  -  of  open  covers  of 
X  such  that 

(a)  for  each  x  e  X  and  i  there  is  j  >  i  such  that 
eldest  (x,;:^J )  c  St(x,Y^)  ,  and 

(b)  for  any  family  of  closed  sets  F  =  {F  |  s  £  S}  of  X 

with  the  finite  intersection  property  and  contains  sets  which  are  base 

point  strictly  small  relative  to  inequality 

n(F  I  s  £  S)  cf)  holds; 
s 

00 

(iii)  there  exists  a  countable  family  open  covers  of 

OO 

X  such  that  for  each  x  £  X  ,  A  =  .n^  St(x,V,)  is  compact  and  for 

X  1=1  ^1 

any  open  U  =>  A  there  is  an  i  such  that  A  c  St(x,y,)  c  u 
(Burke  and  Stoltenberg  [12]). 

Proof .  (i)  =>  (ii)  Let  X  be  a  strict  p-space  and  3X  be  the 


rfrws  ±  <  t  el  aisril  1  bne  X!  :3  x  rfoBs  lol  (d) 

fans  X  io  8393tli;8  a  sd  {Baal  A)  3aJ  S..S.I  no.t3tnA^9g 

i  oo 

Y£E  9w  nsdT  .  X  lo  ajavoD  ndqb  lo  yllmBl  sldB^mioo  b  ad  x*l^l^^ 

avllBla^  XlBfiia  ylloli^g  Jaloq  aesd  3:ib  .riolxfw  83 9 a  SBrf  {3  a  s  |  A) 

s 

CO 

el  9T9ri3  1  rfOBS  30l  3Bri3  fioOS  X  9  X  833lX9  939ff3  111  ^ 

O  1=1  1'-" 

.  (j^^«^x)38  :>  riolriw  :ioi  3  3  ^8 

-63838  snlwolloi  9rf3  X  soBqa  iBlugai-  Y-t^isIqnioo  b  nl  I.S.X  ins^oadT 

■’:3n9lBvli»p9  93B  a^asm 
;90Bq3-q  3ol33s  6  ai  X  (1) 

Lii 

lo  e39voD  iTsqo  lo  yIIjcubI  sXdBlnuoo  8  83alx9  STsril  (11) 

3Bri3  rioue  X 

3Brf3  Houa  1  <  t  al  sisril  1^  fans  X  3  x  rfoss  3ol  (b)  » 

.  fifeLa  =  ((‘^y.xJiayD 

X  lo  {8  3  a  I  8398  bsaolo  lo  y-^IbisI  ^ab  3:01  (d) 

9asd  93B  rioidw  8398  8/ile3no9  bns  y339qoiq  nol3D98393ni  93lnll  9rf3  riliw 

^3ll6up9nl  9d3  t  Xal^j]^^  3v13bX93  llBfBa  xl3oi33e  3filoq 

jablori  <J»  if  (8  3  a  I  t)n 

•  -  8 
5o  83dvoo  ns'qo  lo  ^cIlmBl  sXdsSnxjoo  b  8381x9  939d3  (ill) 

lol  bna  lOBqmoD  al  (^V,x)33‘  ,  X  3  x  riDBs  tiol  3^x13  rioua  X 

^  ^  ^  rioua  1  hb  bI  939ri3  A  c  u  nsqo  ^rjB 

^  5 

•  C  S^9dn93lo33  bnrf  9d3ua') 

7a  ^ 

9rf3  9d  xa  bUB  90Bq8-q  30l33a  8  9d  X  39J  (±1)  <*=»  (X) 


.  1003*1 


7. 


'  00 
Stone  Cech  Compactification  of  X  .  Let  ^  countable 

00 

family  of  open  covers  of  X  in  6X  satisfying  (a)  ,n-  St(x,W,)  c  x 

for  all  X  £  X  ,  and  (b)  for  each  x  £  X  and  any  positive  integer 

n  there  is  n^  >  n  such  that  Cl^^(x,Jj/  i))  ^ 

n 

define  V,  =  {W  n  X  |w  £  W,}  for  i  =  1,2,...  .  We  shall  show  that 
'll  '  1 

the  countable  family  open  covers  of  X  has  the  required 

property.  It  is  easy  to  see  that  condition  (a)  of  (ii)  is  satisfied 
by  the  countable  family  {V.}.  ,  of  open  covers  of  X  .  We  now  show 
that  (b)  is  also  satisfied. 

Let  us  assume  that  {F^  |  s  £  S}  is  a  family  of  closed 

subsets  of  X  which  has  the  finite  intersection  property  and  contains 

sets  which  are  base  point  strictly  small  relative  to 

family  {Cl^^F^  | s  £  S}  has  the  finite  intersection  property  and 

Cl  F  is  closed  in  3X  for  each  s  £  S  ,  and  so,  by  the  compact- 
pX  s 

ness  of  3X  ,  there  is  x  £  n(Cl  F  |  s  £  S)  .  Now,  it  is  enough 

pX  s 

to  show  that  x  £  X  . 


For  each  natural  number  i  let  us  choose  j  such  that 


Then,  clearly  Cl  (St(x  ,y,))  c  Cl  (St(x  ,W.))  .  Now,  choose 
■’  X  o  'ij  3X  o  'ij 


s ,  .  £  S  such  that 


F  c  St(x  V.)  . 

s,  .  —  Oj'lJ 


Then  X  e  (x^  ,W  J )  =  St(x^,W^) 

^  >  1 


3XdB3ai/oo  B  B<i  .  ti^W}  JbJ  .  X  io  flrol56D±5l3DBqnJoO  rfasO 

X*j  i'/' 

X  3  (^J(.x)j2  (b)  8^lYXal^£8  Xa  nl  X  5o  bjqvoo  neqo  io 

BvlJlaoq  yna  bnB  X  3  x  rfoss  loi  (d)  bns  «  X  3^  x  IXb  iroi 

aw  JsJ  ,  (  ^,x)x8  3  ((^  J,x)^gID  ^sdd  rfowa  a  <  at  d-ssttS  a 
,  5  ”  n 

'Jsrf3  worfe  Ilfiria  sW  .  =  ,±-  xol  {^W  d  W  |  X  n  W}  »  arrXiBb 

bs'xtwpd'x  9dd  aari  X  lo  atiavoo  naqo  lo  yllniB^  Bldfidiiwoo  arid 

bdttatXea  al  (11)  to  (a)  nollibrtoo  dsdl  asa  o3  vaaa  al  ll  .Yl*r3qo7q 
worfe  won  bW  .  X  lo  aisvoo  naqo  lo  .  .  { .  V}  vIIcibI  sldBlnwoo  9d3  yd 

.bsllaldBa  osIb  al  (d)  iBrfd 


bsaoXo  3o  yXlnw&l  Bel  {SBaj  I)  dsrfd  BxnwasB  aw  3bJ 
-  8 

anlBlnoo  bns  yl^Bqo'sq  nol3038!i93nl  slinll  sriJ  afirf  riolriw  X  lo  adsadwa 

to 

arfT  .  od  svUbIbi  Ilfima  yXsol^^a  dnloq  sssd  sib  riolriw  adsa 

bnB  yi^sqoxq  noloosa^sdnl  93lnl5  arid  atri  {833}  ?  XD)  yXinrsl 

8 

-doaqmoo  arid  yd  *08  bns  *238  riOBS  :rol  Xa  nl  boaoXD  al  H 

8  xa 

rigwona  al  dl  eWoW  .  (8  3  a|  '5v.X0)n  3  x  al  atrarid  *  xa  lo  aaan 

a  Am 

'  A 

.  X  3  X  dBrid  worfa  od 

dBrfd  riowa  aaoorio  aw  daX  1  ^adiirwn  XsdwdBn  rioBa  tro^ 


aaoorio  ,woK 


’  ^  yXdsalo  ^nariT 


0 


f-jit 


dBrfd  riowa  83  .  .8' 

C« 


r’W  , 


(f.J  x)d8  o  “i 

t-.o  - 


"ii. 


■ 


.(,....  JJli 


a  =  ((.Y.  x)33)„„I0  a 


t;Cr’o"'““'xa""'  "  ^ xa"^"^  ""  a’^xa'*'^  ^  ^ 


8. 


00  00 

for  all  i  ,  implies  that  x  e  .n.  St(x  ,W. )  ;  but  ,n^  St(x  ,W,)  c  x 

1=1  o  'A'i  1=1  o  '\^i 

Implies  X  €  X  . 

(ii)  =>  (iii)  Let  us  suppose  there  exists  a  countable  family 

oo 

^^i  1-1  open  covers  of  X  satisfying  the  conditions  in  (ii)  . 

Then  we  may  assume  that  refines  V,  for  each  i  .  Let  x  e  X 

Vl+1  VI 

00  I 

and  A  =  .n,  St(x,V,)  and  let  {F  s  e  S)  be  a  family  of  closed 

subsets  of  A  which  has  the  finite  intersection  property.  It  is 

easy  to  see  that  by  (a)  A  is  closed.  Therefore  (p  |  s  e  s)  is 

X  s 

a  collection  of  closed  subsets  of  X  which  has  the  finite  inter¬ 
section  property  and  contains  sets  which  are  base  point  strictly 
small  relative  to  Hi  i-l  '  Hence  |  s  e  S)  ^  (j)  .  Consequently, 

by  Theorem  1  on  page  137  of  Kelley  [28],  A  is  compact.  Since  x 

is  an  arbitrary  point  of  X  ,  for  each  x  c  X  we  have  shown  that 

00 

A^  =  St(x,V^)  is  a  compact  subset  of  X  .  Finally,  let  U  be 
any  open  set  containing  A^  and  suppose  St(x,V^)  i  U  for  each  i  . 
Then,  for  each  i  choose  x,  e  St(x,V.)  -  U  .  Let  us  define 

1  VI 

i  ^ 

F.  =  u({x,}  i  >  i)  .  Then  clearly  {C1„F  }  ,  is  a  family  of  closed 

1  J  X  n  n=l 

00 

sets  with  the  finite  intersection  property.  Furthemore  {C1„F  }  , 

X  n  n=l 

contains  sets  which  are  base  point  strictly  small  relative  to 

Hence,  by  the  hypothesis,  there  is  ye  n(Cl  F.  |i=l,2,...)  .  By 

construction  n(Cl  F,  |i=l,2,...)cX-U  so  that  y  ^  U  ;  but 

X  X 

00 

y  e  .(1-  St(x,V.)  c  U  (because  for  each  i  there  is  i  >  i  such 

that  Cl^(St (x,^j ) )  c  St(x,Y^))  ,  a  contradiction.  This 

implies  that,  for  some  i  ,  St(x,^^  )  c  U  . 

o 


.8 


■i 


X  3ud  i  (^J(,^x)i8  3  x  3sri3  esiiicmi  ,  ±  II&  lol 

«  s.  •  .  ,  ■  ^  .  "'  .  X  3“x  adlXqsl 

*  ' 

Vjllmai  sldfiJiiuoo  &  sialxs  s^arfJ  aaoqque  eu  JsJ  (lil)  <=  (Xi) 

C0 

.  (11)  jji  anolilbooo  arfl  gnl’^clallBe  X  lo  s'lfivoo  neqo  io 
X  3  X  JsJ  .  1  doB9  3oi  J.V  aanllsi  lEril  smwaaB  9W  oarfT 

'*  OD 

baeolo  lo  a  ^  ®  1=1  “ 

.,•5, 

el  ll  .^i^^qoaq  rrotiosaislnl  slliiil  sria  asri  rfaldw  -A  lo  alsadi/a 
*^*1  {a  3  a  i  u)  .stroistfarlT  .bsaolo  al  A  (b)  3®®  'f®®® 

-T93nl  slinli  sriJ  acri  rioixlw  X  ^o  alsadua  bsaolo  io  nolioslloo  b 
viloi!ila  Inloq  sasd  'sie  doldw  alse  arrlBlrroo  bn&  i{3tisqoiq  nollosa 

100  -  _ 

soaaH  -  .  2=1 svlosls?  llama 

X  sonia  .loBqmoD  al  A  «[8^]  ysIXsX  5o  ^CX  ssBq  no  X  nisiosrfT  yd 

ladl  nvoria  svBri  sw  X  3  x  doBS  lol  ,  X  lo  Onloq  y:iB:illd^B  gb  al 

4*1^  sd  U  osX  ,yXXfinl^  .  X  3o  isadua  OoBqraoo  b  al  (.V«x)38  .f>.  “  A 

1^  X=1  X 

.  1  rioBs  loi  U  i  (^Vtx)j8  seoqqna  bna  ^A  gnlnlBlnoo  ise  nsqo  yna 

:•  sniisb  au  IsJ  ,  U  -  (^^,x)l8  3  ^x  saoorfo  1  rioBs  lol  ,nsriT 

bsaolo  io  yllmBl  s  al  "{  I^XD}  yX^BsIo  jiariT  .  <1  <  L  1  {  x>)u  =  I 

j.*n  HA  —  ^  '  t,  1 

CO 

S50/D3dl:£i/X  .ynsqoiq  nolOosais^nl  sJinll  ad:?  dllw  adaa 
•  svilslai  Xlsflia  ylooiile  Inloq  aafid  9'xb  doldw  aiaa  anlsOnoo 

yfl  .  (,..«£«!  =  1  I  j^y^XO)!!  3  y  ax  sxsdl  »8l8adloqyd  aril  yd  ,9onaH 

ind  j  U  $  y  iBri3  oe  U  -  X  ^  (...,S,i  »  1  |  •?  XD)n  nollouilanoo 

doua  1  <  t  STsril  1  riosa  xol  aauBoad)  U  o  (^J,x)l8  a  y 
sldT  .noliolbBxlnoo  b  .  ((_j^y,x)l8  o  ((^J«x)l8)^XD  o  ^.1^X0  Isril  ' 

*  ^  ^  ^  *0"^  smoa  xo3  ,  isril  aalXqml 


\ 
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(iii)  =>  (i)  Let  ^  countable  family  of  open 

covers  of  X  satisfying  the  required  properties.  For  each  i  ,  let 

us  define  =  {W  |  W  open  in  3X,  W  n  X  e  .  We  shall  show  that 

the  countable  family  open  covers  of  X  in  BX  has  the 

required  property.  First,  recall  the  fact  that  if  u  is  any  open 

set  in  BX  then  Cl  (unX)  =  Cl  u  .  Now,  by  the  hypothesis  we 

pX  pX 

00 

know  that  for  x  e  X  ,  A  =  .n^  St(x,V,)  is  compact  and 

’  X  1=1  vi'  ^ 

00 

{St(x,y,)}.  T  forms  a  base  for  the  neighborhoods  of  A  .  We  first 
I'l  1=1  X 

oo 

show  that  {Cl„„(St (x, V, ) } ,  ,  forms  a  base  for  the  neighborhoods  of 
BX  'll  1=1 

A  in  BX  .  Let  U  be  an  open  set  containing  A  .  Then  by  the 

X  X 

regularity  of  BX  there  is  an  open  neighborhood  G  of  A  such 

X 

that  A  c  G  c  Cl  G  c  u  •  Now  A  c  G  n  X  and  G  n  X  is  open  in 

X  pX  X 

X  .  So  there  is  an  i  such  that  A  c  St(x,V,)  c  G  n  X  .  Now, 

clearly  Cl-„(St (x, V. ) )  c  Cl.^G  ^  p  .  Also,  now  using  the  fact 
pX  pX 

recalled  above,  St(x,)^^)  c  Clg^St(x,^^)  .  Again  using  the  regularity 

00 

fo  BX  we  have  A  =  .n,  St(x,W,)  c  x  and  St(x,W  ,)  c  Cl  G  c  St(x,W  ) 

X  i”X  ^1  pX 

for  n’  >  n  .  Hence  X  is  a  strict  p-space. 

We  shall  now  broaden  our  investigation  to  consider  the  relation¬ 
ship  between  the  properties  so  far  studied  and  some  obviously  related 
concepts  which  are  defined  below. 

Definition  1.3.1  A  topological  space  X  is  an  M-space  iff  there 
exists  a  normal  sequence  n=l  open  covers  of  X  satisfying 

the  following  condition:  if  {A^,  A^,  A^,  ...}  is  a  sequence 

of  subsets  of  X  ,  with  the  finite  intersection  property,  and  if 
there  exists  x  c  X  such  that,  for  each  n  =  1,2,...  , 


there 


*  '5. 

osqo  5o  3ldB30juoo  s  sd  (i-t-t)  igi^***® 

331  .  I  rios9  lo^  .adl37sqo3q  bailupstr  arfu  gnlyiaiJea  X  io  aisvoo 

3Brf3  worie  IlBria  sW  .  a  X  n  W  .xa  nl  obck,  W  |  W}  *  anliab  bu 

go 

3ri3  asfl  xa  ai  X  5o  artsvoo  xiaqc  5o  aldsJnuoo  &tU 

sjsqo  yxiB  el  u  lx  3£d3  dosl  aril  IXsoatt  .\(3:i9qo'iq  bs^flupsT 

9W  elsarfloqyri  aril  \(d  tWoH  .  ’j  “  (-^  narfl  Xa  n±  39« 

T  ■>  ^  QQ  If  ■  ^ 

bns  loisqmoo  ,ei  (^J,x)J8  /  X  >  x  5ol  isril  wojijI 

j;‘  ^ 

383x1  3W  -  ^A  lo  abooriiodriglsn  3xl3  'lol  safid  b  ziaioi  (j_^,x)38} 

00 

io  2boori3odris±3n  aril  loi  saad  b  am^oi  _  ,  { ( .V«x)38)__I0}  iBrid  woria 

^  • ,  1=1  x>/'  xa 

3ri3  yd  nsriT  .  A  gnlnxBlnoo  398  naqo  xib  3d  U  IsJ  .  Xa  nl  A 
3C  5C 

rioua  '  a  io  0  booriiodriglsn  nsqo  hb  ai  333ri3  X6  io  yll^BlagsT 
ni  xfsqo  ai  X  n  0  bnB  X  n  0  =  A  wol^I  .  u  ^  ^  3  ?  A  larii 

*  T  ^ 

,woPI  .  X  n  D  3  (^V,x)38  ^  ^A  isrii  riptsa  i  ns  ei  siarii  o8  .  X 
laei  aril  gniaxj  won  ,oeIA  .  u  =•  ^  yl^aalD 

yli3Blug33  aril  gnisn  nisgA  .  (^^tX)3S^^10  =>  (^\^,x)l2  ^avods  ballBOsi 
(a^iX)38  3  3^^I0  3  (,^J^,x)32  briB  X  ^  (j.W,x)l2  =  ^A  svBri  9W  Xa  oi 

H' 

.9DBq8-q  laiila  s  ai  X  snnsH  .  n  <  ’n  xoi 

f 

“floilBla^  9ri3  lefaianoo  oi  noilBgiiaavnl^ioo  nsbBoxd  won  Ilsria  sW 

bsiBlax  ylanolvdo  ' 9JD08  bns  bsibula  3si  oa  asilxsqoiq  aril  nsswlad  qirfa' 

•wolsd  bsniisb  sib  rioiriw  alqsonoa 

BiBdi  iii  sofiqa-M  ns  al  ’'  X  aosqa  iBoigoIoqol  A  X.£.I  noillniiafl 
gnxyiailBB  X  io  axsvoa  nsqo  .io  aansupsa  iBnrxon  b  alatxs 

I 

sonsnpaa  b  al  {...,«^A  ....  ,^A  .^^A}  ii  rnoliibnoo  gnlwolloi  aril 

il  bnB  ,y339qo3q  nGllosaislni  allnii  sril  riliw  ,  X  io  elsadna  io 

33sri3  ,  ...,S^X  »  n  rioBs  3oi  .leril  riona  X  3  x  alalxs  aiaril 

o 


I 
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exists  A,  c  St(x  ,U  )  ,  then  n,  A  ^  6  . 

k  o’^^n  ’  n=l  n  ^ 

Definition  1.3.2  A  topological  space  X  is  a  A*-space  iff  there 

00 

exists  a  countable  family  n-1  open  covers  of  X  satisfying 

the  following  conditions: 

(a)  for  each  x  e  X  and  each  n  =  1,2,..., 

(b)  if  {A^,  A^,  •••>  A^,  ...}  is  a  sequence  of  subsets  of  X  , 

with  the  finite  intersection  property,  and  if  there  exists  x^  e  X 
such  that  for  each  n  =  1,2,...  ,  there  exists  some 

00  — 

A.  c  St(x  ,y  )  ,  then  n,  A  d) 
k  o  '^n  n=l  n  ^ 

Definition  1.3.3  (a)  A  topological  space  X  is  said  to  be  a  coA-space 

iff  there  exists  a  countable  family  open  covers  of  X 

such  that  for  each  x  g  X  ,  if  x  is  in  St(x  ,U  )  for  n  =  1,2,...  , 

n  o  ^n 

then  the  sequence  has  a  cluster  point. 

(b)  A  topological  space  X  is  said  to  be  a  A-space 
iff  X  is  a  ooA-space  and  the  covers  satisfying  (a)  can  be  so 

choosen  that  we  can  also  have,  for  each  x  e  X  and  each  n  =  1,2,...  , 

C  St(x,U^)  . 

Definition  1.3.4  A  topological  space  X  is  a  P-space  in  the  Morita 

sense  iff  for  any  set  A  of  indices  and  for  any  family 

{G(a^ , . . . ,a^)  I  a^,...,a^  e  i  =  1,2,...}  of  open  subsets  of  X 


satisfying  the  condition: 


.  (fc  if  "a  -0  narfi  ,  (  U.  x)j2  =  ^  aialxB 
^  fi  I«rt  *  o  31 

I 

s-rsriJ  551  flosqa-*A  e  el  X  aosqa  iBolsoIoqol  A  S.£.I  nolllflli^ 
8nl\'5al3fc8  X  5o  eisvoo  neqo  5o  i(IlniB5  sldBlm/oo  b  aielxs 

:aiioi3lfanoo  golwoIXot  Bill 

n  rfoBB  bnB  X  3  x  rfoBB  io5  (b) 

•> 

,  X  io  83B3doe  5o  SDnaupsa  6  el  {...  «  A  «  .A}  51  (d) 

X  3  83elx9  aiBdl  51  fans  ,^f333qo3q  nolloaeTSJnl  sllnil  sril  ri3lw 
emoa  e^elxe  sisril  ,  =  n  rioss  io5  Ifirfl  dous 

i 


BOBqe-AL;  6  9d  o3  bxBa  si  X  soeqe  iBoigoXoqol  A  (b)  C  .  £  - 1  aol 3 

00 

X  5o  83BVOO  nsqo  5o  yIIotbI  Bldalnuoo  fi  sJalxa  sTBril  551 

I 

*  a  ^o5  (  U«  x)j2  nl  el  x  51  *  X  3  x  dose  3o5  Jada  done 

o  n  ' 

> 

.3nloq  iBleulD  b  asd  sonsupse  sdl  rrsdl 

sosqa-A  B  9d  o3  false  el  X  soBqe  XBOlgoIoqoa  A  (d) 

oe  sd  OBD  (b)  gnirflellse  &z9voo  sdi  fans  aosqa-Aio^  b  el  X  551 

...,S«I  =  a  rioBd  bnB  X  3  x  rioBs  lol  ,BVBri  oais  n&o  9w  Isda  nseoodo 

bjIxoK  sril  fli  B::&qa>g  £  el  X  Boeqe  Ifiolgoloqol  A  A.C.I  ivolllnl^B<? 

iSti  ^{OB  3ol  fans  aaalfani  5o  ^  3bs  ^hb  io5  5^1  sense 

X  io  Bissdoa  noqo  io  {...,S,I  >  1  j  . |  (^c. . . . 

inolfifanoo  Bril  gai'^laJtlBs 
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(a)  G(aj^, .  .  .  ,a^)  c  G(a^, . .  .  for  e  A  and 

for  1=1,2,...  , 

there  exists  a  family  {F(a^ , . . . ,a. )  I  , . . . ,a.  e  A  ;  for  i  =  1,2, ... } 

of  closed  subsets  of  X  satisfying  the  conditions  (b) 

F(a. ,...,a  )  c  G(a. , — ,a  )  for  a^y...ya  e  A  ,  and  (c) 

1  n  I  n  1  n^ 

00 

X  =  F(a^,...,a^)  for  any  sequence  {a^}  such  that 

00 

X  =  .  .  .  ,a^)  . 

Proposition  1.3.1  Let  X  be  a  topological  space.  Then, 

(i)  X  is  a  M-space  implies  X  is  a  A*-space; 

(ii)  X  is  a  A*-space  implies  X  is  a  A-space; 

(iii)  X  is  a  A-space  implies  X  is  a  wA-space; 

(iv)  X  is  a  (jjA-space  implies  X  is  a  P-space  in  the  Morita  sense. 

00 

Proof  >  (i)  If  ^  normal  sequence  of  covers  of  X  , 

then  for  each  i  and  x  £  X  we  have  St  (St  (x,U^_^^))  ^  St(x,U^)  , 

i.e.,  Cl^(St (x,U^_|_^) )  c  St(x,U^)  .  Now,  by  the  definition,  it  is 
easy  to  see  that  every  M-space  is  a  A*-space. 

(il)  and  (iii)  are  obvious. 

(iv)  Let  {G(aT,...,a. )a.,...,a,  cA,  i=l,2,...} 

1  11  1  ^ 

be  a  family  of  open  subsets  of  X  satisfying  condition  (a)  of  definition 
1.3.4.  Since  X  is  a  wA-space  there  exists  a  countable  family 
of  open  covers  of  X  satisfying  the  condition  (a)  of  definition  1.3.3. 
Without  loss  of  generality  we  may  assume  that  W  refines  W.  for 


each  i  .  Let  us  now  define 


.IX 


bnB  ^  3  X+I®*****I^  ^  (j,io<  ♦  •  • « jjo)0  (b)  _ 

«  . . .  ,S,I  »  I  loi 

r-':, 

{....S,I  «  ±  30i  ;  ^  3  I  b  sieixs  B:rd^ 

V  (d)  BXToIaibnoo  arid  gnlY^al^Bs  X  5o  a^sacfua  ba&olo  5o 

J 

(a)  bnB  *  ^  3  ^  (^o* .  . . 

'  -  * 

3Brf3  fioua  {^o}  sonrsupsa  ^riB  toI  (^X),  . . ,  j.u^  »  X- 

’>  :  » 

i,f  •  » •  *  •  t  ^  x^i  *  ^ 


tUdflT  .SDBqe  iBOxgoXoqod  b  sd  X  xsJ  X,£.I  noxdlaoqoui 

t 

;90Bqa-*A  b  al  X  asilqrar  sosqa-M  b  al  X  (1) 

■> 

jsoaqa-A  s  aX  X  asilqnii  aosqa-^A  b  ai  X  (XX) 
;90Bq8--Aw  b  ax  X  asilgarl  BOBqa-A  b  aX  X^i  (XXi) 
.sense  sJlioM  sdx  n±  soBqa-^  b  ei  X  aslIqmX  snsqa-Aw  B  aX  X  (vX) 


j  ..#• 

,  X  Xo  aisvoo  io  Bonsnpse  iBnrion  b  a±  -  *{.11}  51  (X)  .iooi9 

-  JL“X  X>x  '■'  -  ■  ""•■ 

*  avsri  3W  X  3  X  bnB  i  doBS^ioi  nsris 

aX  5X  ,noXJxfrXi9b  srid  ^{d  .wofi  .  o  ((^^^J(,x)d2)jjXD  ,.9.± 

T-  .so£qa-*A  b  aX  soBqa-M  \fisva  dsrid  ssa  od  vans 


j!^ 


”  ‘  .auoXvdo  BIB  (iii)  bns  (Xx) 

J'--  ■ 

^  ^  •  •  • « J-®  1  •  *  •  «^o)3}  JbJ  (vX) 


{  . ...  t  S*X  =  1  « 

noXJXnXXsb  5o  (6>  noXdibnoo  gnxYXaXJBa  X  5o  adsadua  nsqo  5o  tfIXnisl  &  sd 

.  'a 

00 

sXdBXiuioo  B  adalxs  s^rsrfd  soBqa-Aw  s  eX  X  ssnXa  .A.£.X 
.£.e.X  noiaXniisb  5o  (b)  noXdXfanoo  sriJ  gnX^iaXdBe  X  5o  aisvos  nsqo  5o 
±S  yaXlBxsnsg  io  aaoX  duorfdXW 

snXXsb  won  an  dsJ  .  X  risss 


A  m 


4  j  ^ 


— J  ■?*  ^,. 


•wjM 

iae^n^^- 


la 


i ,. 
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F(a.,...,a.)  =  X  -  St((X  -  G(a- , . . . ,a . ) ) ,  W.) 
1  i  1  1  '^1 


Obviously,  F(a^,...,a^)  c  G(a^,...,a^)  for  each  i  .  If 


00 

X  =  .u, 
1=1 

G(oi,^, .  .  .  ,ot^) 

we 

want  to  show  that 

X  = 

00 

F(o(.^,  ...  ,ot^)  . 

Suppose 

00 

X  e  X  -  . U, 

O  1=1 

F( 

^ , . . . ,a^) .  Since 

X  - 

oo 

F(a^, . . . ,a^)  = 

00 

.n-  St((X  -  G(a, , . . . ,a. )) ,  W.)  we  have  (X  -  G(a  n 

1~-L  i  1  'Vl  J.  1 

St(x^,)ijf^)  (})  for  all  i  .  Let  us  choose  ^  (X  -  G(a^,  .  .  .  ,a^) )  n 

St(x  ,W.)  for  each  i  .  By  the  hypothesis  {x.j.  ^  has  a  cluster 

O  VI  J  jr  ^ 

00 

point  which  belongs  to  (X  -  G(a^ , . . . ,a^) )  ,  contrary  to  the  fact 

00  00 


that  .u^  G(a^,...a^)  =  X  .  Consequently, 
Hence  X  is  a  P-space  in  the  Morita  sense. 


X  =  F(a^,...,a^)  . 


Proposition  1.3.2  Every  P-space  in  the  Morita  sense  is  a  countably 
metacompact  space. 


Proof.  Follows  from  Theorem  2  on  page  162  of  Hayashi  [23J . 


Proposition  1.3.3  Every  strict  p-space  is  a  wA-space. 


Proof.  Follows  from  Theorem  1.2.1. 


Proposition  1.4.1  Let  X  be  a  completely  regular  space  with  the 
following  properties : 


(a) 

X 

has  no 

infinite 

compact  set; 

(b) 

X 

has  at 

least  one 

point  which  is  not 

Then  X  is  not  point  countable  type. 


rqi 

51  .  1  iioss  !ro5  ,  j.jo)0  :=  (j^xj, . . . ,  «vle«olvd0 

Ott  * 

.  .  . . . « jj.ft)'!  =  X  3B.ri5  woxfa  05  5nBW  sw  (^.o,  ; . . ,  j.»)3  -  X 

«  ~  X  soatZ  n  -  X  3  aaoqqaZ 

n  ((^i3t . . .  ,j.«)3  -  X)  -svBri  9w  (j.W  ,  ((^jo* . .  .  t^jo)0  -  X))53 
(C^»c .  • .  «.j-c)3  -  X>  3  saoofJo  au  JsJ  .  1  IIb  yoi  4*  ^  (^J(t^x)58 
393auIo  B  asri  ai:39ri3oq\{ri  9ri5  x;a  .  J:  doBS  5o'l  (^J^«^x)52 

3ae3  9ri5  o5  viB55noo  »  ((^jo, . . .  «^jo)3  -  X)  o5  agnolacf  rioidw  5nioq 

06  ^ 

.  ( .jo« . . .  «  ^»)1  «  X  ^yldnaupsanoD  .  X  =  (j^p. , . ,  ^o)0  5sri5 

^  -  ■  a. 

.eansB  b51ioM  srfd  nl  sosqa-^  b' 3±  X  sonaH 

VldB3naoo  b  a±  sense  B3iToM  9ri5  ni  sosqa-?  y59v3  £»€.!  iio.t3lBOq03[3 

.90Bq8  5Diiqfli00fi59ai 


•  lES]  IdeBysH  5o  Sdl  sgsq  no  S  nia^osrfT  n!o:i5  8WoIio3  -  ,5oo5^ 


.906qa-Aw  B  el  BOBqar'q  ioxc^e  y^sva  £.£.I  aolJjepqoT^ 


i'. 


I.S.I  nisro9ilT  flioii  8woIIo3  .5oo33 


ES 


9rf5  ff5iw  ooBqe  iBlugsr  yisJalqSoo  b  9d  X  59 J  no55iaoqo?3 

:39i559qo5q  gniwollpj 
J598  5oBqflioo  93jtni5^jt  on  eari  X  (a) 

jD  5on  8l  riolriw  3nloq  ano  5  8691  5fi  8Bri,  X  (cf) 

=  ■ 

i  •9<1v5  9ldfi5nuoo  5n±oq  5on  8±  X  nsriT 
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Proof .  Suppose  X  is  point  countable  type.  Let  £  X  be  a  point 

which  is  not  a  point  of  X  .  Since  X  is  point  countable  type 

there  exists  a  compact  set  K  of  countable  character  containing  x  . 
According  to  the  choice  of  ^  is  not  a  finite  set,  i.e.,  K 

is  infinite,  which  contradicts  (a)  .  Hence  X  is  not  point 
countable  type. 

Corollary  1.4.1A  If  X  is  a  completely  regular  space  satisfying 
conditions  (a)  and  (b)  of  Proposition  1.4.1,  then  X  is  not  a  p-space 
(X  is  not  a  strict  p-space) . 

Proof.  Follows  from  the  fact  that  every  p-space  is  point  countable 
type. 

Proposition  1.4.2  If  X  is  a  completely  regular  p-space  such  that 
each  point  is  a  set,  then  X  is  first  countable. 

Proof .  Follows  by  Remark  1.1.1,  Arhangelskii  [5],  and  Aull  [9]. 

Theorem  1.4.3  There  exists  a  completely  regular  countably  compact 
space  which  is  not  a  p-space. 

Proof.  By  Novak  [44]  there  exists  a  completely  regular  countably 
compact  space  X  such  that  N  c  X  c  3N  (where  N  denotes  the  set 
of  positive  integers  with  the  discrete  topology  and  3N  is  the 

.  I  , 

Stone  Cech  compactif ication  of  N) ,  IX]  ^  2  and  every  infinite 
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set  which  is  closed  in  X  has  cardinality  2  .  The  space  X 

has  no  infinite  compact  set.  Also,  no  point  of  X  which  is  in 

X  -  N  is  a  G  set.  Actually,  since  X  is  countably  compact  every 
0 

G  point  is  first  countable.  We  shall  show  that  no  point  of  X  -  N 
0 

has  countable  neighborhood  base.  Suppose  some  e  X  -  N  has  a 

countable  neighborhood  base.  It  is  then  easy  to  see  that  there 

exists  a  continuous  function  f  on  X  with  f(x  )  =  0  and 

o 

f(y)  >  0  for  y  e  X  -  •  Evidently,  g(y)  =  sin 

no  continuous  extension  across  x^  ,  but  this  is  not  possible.  Now, 

by  Corollary  1.4.1A,  X  is  not  a  p-space. 

Remark  1.4.1  Theorem  1.4.3  shows  that  an  M-space  need  not  be  a 
p-space . 
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CHAPTER  II 


ON  NETWORKS  FOR  TOPOLOGICAL  SPACES  AND 

TOPOLOGICAL  SPACES  WITH  G. -DIAGONAL 

0 


This  chapter  contains  definitions,  notations  and  some  of  the 
known  results  concerning  networks  for  topological  spaces  and  spaces 
with  G^-diagonal  that  are  used  in  the  following  chapters. 

The  concept  of  a  network  for  a  topological  space,  or  what 
is  called  a  point  pseudobase  by  Michael  [36],  was  first  introduced  by 
Arhangelskii  [8] .  In  this  chapter  we  define  the  notion  of  almost  base 
and  a-cushioned  paired  network.  The  former  is  a  generalization  of  the 
notion  of  pseudobase  which  was  introduced  by  Michael  [36]  and  the 
later  is  a  generalization  of  the  notion  of  a-cushioned  paired  base  by 
Ceder  [16] .  Our  a-cushioned  paired  networks  have  been  considered 
recently  by  Kofner  [31],  who  calls  them  a-biconservative  paired  net¬ 
works  . 


In  Section  1,  we  study  a  few  simple  properties  of  almost 
bases  for  a  topological  space  and  also  properties  of  some  special  net¬ 
works  . 


In  Section  2,  we  recall  many  results  known  for  spaces  with 

G. -diagonal  and  characterize  spaces  which  admit  a  G^-diagonal. 

0  0 

Definition  2.1.1  A  collection  B  of  subsets  of  a  topological  X 
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is  called  a  network  for  X  iff  for  each  x  e  X  and  any  open  subset 
U  of  X  containing  x  there  is  B  e  B  such  that  x  e  B  c  U  . 

Remark  2.1.1  If  B  is  a  base  for  the  topology  of  X  ,  then  B  is 

a  network  for  X  ,  but  the  converse  is  not  true. 

Remark  2.1.2  If  B  is  a  base  for  the  topology  of  X  ,  then  for  each 

compact  set  C  of  X  and  any  open  set  U  containing  C  there  is 

a  finite  collection  Bt,...,B  e  B  such  that  C  c  B.  c  u  .  In 

1  n  ^  1=1  1 

general  the  above  property  is  not  possessed  by  a  network  for  a  topological 
space. 

Definition  2.1.2  A  network  ^  for  a  topological  space  X  is  called 

an  almost  base  iff  for  each  compact  set  K  of  X  and  any  open  set 

U  containing  K  there  exists  a  finite  collection  B^,...,B^  e  B 

such  that  K  c  ,u.  B,  c  u  . 

1=1  1 

Obviously,  a  base  for  a  topological  space  X  is  an  almost 
base  for  X  and  an  almost  base  for  X  is  a  network.  But  it  is  easy 
to  construct  examples  to  show  that  a  network  for  a  topological  space 
need  not  be  an  almost  base  and  an  almost  base  need  not  be  a  base. 

Remark  2.1.3  In  a  regular  space  the  notions  of  locally  finite  net¬ 
work  and  locally  finite  almost  base  are  the  same.  However,  there  are 
regular  spaces  with  a  a-locally  finite  network  and  without  a  o-locally 
finite  almost  base  and  also  regular  spaces  with  a  a-locally  finite 
almost  base  and  without  a  a-locally  finite  base. 
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In  general  an  almost  base  is  not  a  continuous  invariant. 

As  a  matter  of  fact  the  continuous  image  of  a  base  need  not  be  an  almost 
base . 

Definition  2.1.3  A  continuous  mapping  f  ;  X  Y  of  X  onto  Y  is 
called  a  compact  covering  iff  every  compact  subset  of  Y  is  the  image 
of  a  compact  subset  of  X  . 

The  proof  of  the  following  proposition  is  immediate. 

Proposition  2.1.1  Let  X  be  a  topological  space  and  B  be  an  almost 
base  for  X  and  let  f  :  X  Y  be  a  compact  covering.  Then  f(^)  = 
{f(B)  B  e  B}  is  an  almost  base  for  Y  . 

Remark  2.1.4  If  X  is  a  regular  space  and  B  is  a  network  for  X  , 
then  B^  ,  the  collection  of  closures  of  members  of  B  ,  is  also  a 
network  for  X  . 

Definition  2.1.4  Let  P  be  a  collection  of  ordered  pairs  P  =  (P^ ,P_) 

-  %  z 

of  subsets  of  X  ,  with  P^  c  P  for  all  P  e  P  .  Then  P  is  called 

1  Z  'V  v 

a  paired  network  iff  for  each  x  e  X  and  an  arbitrary  neighborhood  U 

such  that  X  e  P^  c  p 

a  cushioned  paired  collection  in  X  iff  for  each  P*  <=  ^ 

u(P,  Ip  e  P^)  c  u(P^  I  P  e  P^) .  Finally,  P  is  called  a  a-cushioned 
paired  network  for  X  iff  P  is  a  paired  network  for  X  which  can 
be  written  as  a  countable  union  of  cushioned  paired  collections. 
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The  proof  of  the  following  proposition  is  easy. 


Proposition  2.1.2  If  a  topological  space  X  has  a  a-cushioned  paired 
network,  then  every  closed  subset  of  X  is  a  q  set. 


Proposition  2.1.3  Let  X  be  a  countable  product  of  spaces  X^  ; 

n  =  1,2,...  .  If  each  X  has  a-cushioned  paired  network,  then  X 

n 

has  a-cushioned  paired  network. 


Proof . 

For 

each 

n  , 

00 

=  u 
m= 

1  ?  be 

1  '^m 

a  a-cushioned  paired 

work  for  X 

n 

.  Without 

loss  of 

generality. 

let  us  assume  that 

n  n 

e  P^ 
^m 

and 

P’^  c 

p^ 

Wi  * 

Now 

let  X  = 

00 

IIt  X  ,  and  define 
n=l  n 

P 

%n 

n 

=  {(  n 
i=l 

pi.l 

n 

n  . 

,  n  p^’ 
i=l 

1  e  > 

^  '  n  '^n 

where 

n 

n 

i=l 

P^’l  = 

n 

{x  e 

Xlx, 

'  1 

for 

i  <  n} 

n  ,  , 

=  n  p^’  X  n  X. 
1=1  j>n 

and 

n 

n 

i=l 

pi. 2  ^ 

n 

{x  £ 

Xlx, 

'  1 

for 

i  <  n} 

n  .  2 

=  n  p^’  X  n  X. 

1=1  j>n 

We  will  use  the  notation  P^  =  (P^,P2)  for  an  element  of  the  collection 

n  °°  n 

P  thus  defined.  Letting  ^  =  u  P  we  claim  that  P  is  a  a- 

n=l 

cushioned  paired  network  for  X  .  That  it  is  a  paired  network  follows 
by  the  construction.  We  now  show  that  is  cushioned  for  each  n  . 
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1  Ti  n  1 

Letting  need  to  show  that  u(P^  |  P  e  j?^)  c 

uCP^  1  P^  €  .  Suppose  y  u(P2  |  P^  e  .  Then 


n 


n  (u(X,  X  . 

1=1  ^ 


.  X  (X  -  u(P^*^  I  P’^  e  P^))  X  x.^  X...)) 
1  n  '  n  i+i 


is  a  neighborhood  of  y  which  does  not  intersect  (P^  1  P^e  P^)  ; 


i.e.,  u(P^  I  P’^  6  P^)  c  u(p!!  I  p’^  e  P^)  . 

1  '  'v.n  2  '  n 

proved. 


Hence  the  proposition  is 


Corollary  2.1. 3A  If  X  is  a  T2-space  with  a-cushioned  paired  net¬ 
work,  then  =  {(x,x)  |  x  e  X}  is  a  set  in  X  ;  i.e.,  X  has 

a  G^-diagonal. 


Proposition  2.1.4  If  X  is  a  topological  space  with  a-cushioned 

00 

network,  then  X  has  a-cushloned  paired  network  P  =  .u,  P. 

»  ^  1=1 

satisfying  the  following  four  conditions: 


(i) 

is  a  cushioned  paired  covering 

of 

X  for  each 

(ii) 

^1 

c  P  for  each  i  ; 

(iii) 

h 

is  closed  under  intersections; 

1 . 

e.  ,  if 

II 

•H 

<2^ 

1  a  e  then  for  any  subset 

A. 

1 

c  the  pair 

(  n 
aeA 

. 

aeA . 

P^-)  belongs  to  P.  for  each 
a2  *  ^1 

i 

• 

i  1  ^ 

(iv)  for  each  x  e  X  there  is  a  collection  {P  ) ,  ,  where 

a  1=1 


P  ^  such  that  for  any  neighborhood  U  of  x  there  is  i 
the  property  that  x  e  P^^  c  p^^  c  u  . 


with 


I 


.  £ 
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t-' 
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•»,  i 
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00 

Proof .  Let  ^  be  a  given  a-cushioned  paired  network  for 

X  .  Without  loss  of  generality  we  may  assume  that  =  {(X,X)}  . 

•  * 

Let  us  define  C,  =  ,u,  B,  and  let  P.  =  "[(  ,  n_  C^„)  I  F  c  a,} 

j<i  A:i  ^a£F  al*  aeF  a2^  ‘  i 

where  C,  =  { ,  C^-)  I  a  £  a,}  .  We  do  not  consider  a  pair 
'^1  al  a2  '  1  ^ 

(  n„  ,  n_  C^„)  in  P,  for  which  C^.  =  <P  •  We  claim  that 

acF  al*  acF  a2'  aeF  al  ^ 

00 

]P  =  .u^  P.  satisfies  all  the  four  properties  in  the  hypothesis.  Let 

A .  A , 

i  be  a  fixed  but  arbitrary  index  and  let  a’  c  2  where  2  denotes 
the  collection  of  all  non-empty  subsets  of  a^  .  We  now  need  to  show 


that  u(  n_  If  £  A*)  c  u(  n_  I  F  £  a’)  .  Suppose 

a£F  al  '  a£F  a2  ' 

y  u(  n_  |f  £  a')  .  Then  for  each  F  £  a'  there  is  a^  such 

acF  a2  '  F 

that  i.e.,  y  ^  u(C^  ^  |f  £  a')  .  Then 

a^z 


y  ^  u(c^  ,  |f  €  A') 

F 


SO 


that  y  £  X  -  u(C^  ^  |  F  £  a’) 

a  1 
F 


Now, 


let  us  assume  that  (X  -  u(C^  ,  |f  e  a*))  n  (u(  n„  I  F  £  a'))  ^  cj) 

a  1  '  //V  'a£F  al  ' 

F 

i.e. ,  there  is  z  e  (X  -  u(C^  ,  I  F  £  a’))  n  (u(  n_  |  F  £  a*))  . 

a_l  '  a£F  al  ' 

F 

This  implies  that  for  some  F  £  a*  we  have  z  e  (X  -  u(C^  ,  |  F  £  a’))  n 

i  °  1 

(  C  - )  which  is  impossible  since  there  z  i  C  ,  and 

acF  al'  ^  a_  1 

o  F 

o 

z  e  n„  where  a„  £  F  .  Hence,  for  each  i  ,  P,  is 

a£F  1  F  o  ’ 

o  o 

cushioned  collection  and  it  is  a  cover  because  the  pair  (X,X)  £ 
for  each  i  . 


From  the  above  argument  and  the  construction  of  ,  it  is 

easy  to  see  that  P  satisfies  (i),  (ii)  and  (iii) .  We  now  need  to 

show  that  (iv)  is  satisfied.  For  each  x  £  X  and  i  define 

A^  =  {a  £  A.  I  X  £  }  .  Consider  the  pair  P^  =  (  n  ,  C^,  ,  n  ,  C^„) 

X  1  '  al  ^  X  1  2 


a£A 


X 


a£A' 


X 


go 
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nariT  .  <’a  3  ll  „  ^J)u  ^ 


Y  (.a. I  t  «  D  ^  Y  dsrid 


,woW  .  (’a  3  q  j  ■^D)u  -  X  3  Y  dfirid  oa  (‘a  3  qj  ^3)u  ^  y 

«  • 

,.«  ^^((’A3qj  ^^0  n  ((’a  3  q  I  dBrid  amnaaB  au  dal 

q 

.  (('a  3  q  j  ^^0  .jn^)u)  0  (('a  3  qj  ^  -  X)  3  s  ax  axadd  ,.s.l 

n  ((’a  3  1  2  “  X)  3  s  avBrf  aw  ’a  3  ^q  smoa  Toi  dBrid  aailqmx  alriT 

Imib  j  ^0  i  s  33srij  sonia  sidlsaoqini  ei  dolifw  "jQo^ 

4 

,  X  rioBa  noi  ,3onaH  ‘  ^  ^  .j®  aiariw  j.'^O  3  s 

o 

j-jt  3  (X,X)  x±Bq  arid  aanfioad  davoo  b  al  dl  bns  noldoalloo  benoldsuo 

.  1  floBa  loi 


*  ^ .  noidonidanoa  arid  brtB  dnamugiB  avoda  arid  xcroi^  ^ 
od  baan  won  aW  .(ill)  bns  (11)  *(1)  aalialdBa  ^  dsrid  aae  od 

anliab  1  bns  X  3  x  rioea  loq  .faalialasa  al  (vl)  dsrid  worif 
(^O^n  nablanoO  .  {  .^0  3  x  I  ^a  3  a}  »  -^z 
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X  X 
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for  each  i  .  Now,  if  U  is  any  neighborhood  of  x  ,  then  by  the 


fact  that  is  a  paired  network  there  is  i  such  that  x  e  c  U 

It  is  easy  to  see  by  construction  that  x  e  n  .  C^,  c  n  .  c  u 

i  al  1  a2 

aeA  aeA 

X  X 

11 

as  n  ,  C  -  c  B,  and  n.  C  „  c  B-  .  Hence  the  proposition  is 

.1  1  1  aeA  a2  2  t'  t- 

aeA  X 

X 

proved. 


Definition  2.1.5  A  network  for  a  topological  space  X  is  called 


g-  closure  preserving  (g-locally  finite  or  a-dlscrete)  provided  B 


can  be  written  as  a  countable  union  pf  closure  preserving  (locally 


finite  or  discrete)  collections. 


Proposition  2.1.5  If  X  is  a  topological  space  with  a  a-closure 

preserving  closed  network,  then  X  has  a  a-closure  preserving  closed 
00 


network  P  -  satisfying  the  following  conditions: 


(i) 

P 

^i 

is  a  closure  preserving  closed  covering 

of 

X 

for  each  i  ; 

(ii) 

P.  c 

P  . ^  for  each  i  ; 

-vi+l  ’ 

(iii) 

li 

is  closed  under  intersection; 

(iv) 

for 

each  X  £  X  there  exists  a  collection 

{P^ 

X 

>•  1 
1=1 

such  that  for 

each 

i  ,  P^  e  P,  and  for  each  neighborhood 

X 

U 

of 

X  there  is  i  with  the  property  that  x  e  P  c  U 


Proof.  Similar  to  Proposition  2.1.4. 


Proposition  2.1.6  If  X  is  a  topological  space  with  a  a-locally 
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X  io  gnXisvoo  b9aoXo  gnlv3989Tq  siuaoXo  a  ax 

j  X  rfoag  ■3co5 

;  t  doB3  io5  ^  •‘J 

X+x'J^  x^/' 
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00  h 
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finite  closed  network,  then  X  has  a  a-locally  finite  network 
00 

satisfying  the  following  conditions: 


(i) 


each  i  ; 


is  a  locally  finite  closed  covering  of 


X  for 


(ii)  P.  c  p  for  each  i  ; 

'\j±  ^i+1  ’ 

(iii)  JP^  is  closed  under  finite  intersection; 

1  00 

(iv)  for  each  x  e  X  there  exists  a  collection  {P  } .  , 

X  1=1 

such  that  P^  e  for  each  i  and  for  each  neighborhood  U  of  x 

there  is  P^  such  that  x  £  P^  c  U  . 

X  X 


Proof.  See  K.  Nagami  [43]. 


Theorem  2.1.7  For  a  regular  space  X  the  following  statements  are 
equivalent : 


(i)  X  has  a  a-discrete  network; 

(ii)  X  has  a  a-locally  finite  network; 

(iii)  X  has  a  a-closure  preserving  network. 


Proof .  See  Siwiec  and  Nagata  [51] . 

Proposition  2.1.8  Let  f  ;  X  Y  be  a  continuous  and  closed  mapping 
of  a  regular  space  X  onto  a  T^-space  Y  .  Then 

(i)  Y  has  a  a-discrete  network  if  X  has  a  a-discrete 

network; 

(ii)  Y  has  a  a-locally  finite  network  if  X  has  a  cr-locally 


finite  network; 
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(ill)  Y  has  a  a-closure  preserving  network  if  X  has  a 
a-closure  preserving  network; 

(iv)  Y  has  a  o-cushioned  paired  network  if  X  has  a 
a-cushioned  paired  network. 

Proof.  Is  obvious. 


Definition  2.2.1 

A  topological  space  X  is  said  to  have  a  G^- 

diagonal  iff  A  = 

X 

{(x,x)  1  X  e  X)  is  a  G.  set  in  X  x  X  . 

0 

Theorem  2.2.1  The  diagonal  A„  of  a  topological  space  X  is  a 

A 


set  in  X  x  x 

,  CO 

iff  there  exists  a  countable  family  {V,i,  ,  of 

^1  1=1 

open  covers  of  X 

such  that  for  each  x  e  X  we  have 

,n  St(x,V.)  =  {x}  . 

1=1  1 

Proof .  See  Ceder  [16]. 


Corollary  2.2.1A 

If  a  topological  space  X  has  a  G. -diagonal,  then 

0 

X  is  a  T^-space. 

We  note  the  following  simple  properties  of  spaces  with  G  - 

0 

diagonal. 

Theorem  2.2.2  Let  X  be  a  topological  space. 


(a)  If  X  = 

00 

n  X.  where  for  each  i,  X,  has  G  -diagonal, 

.  -1  1  1  0 

1=1 

then  X  has  a  -diagonal . 
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(b)  If  X  is  a  space  with  G^-diagonal,  then  every  subset  A 
of  X  has  the  property  that  is  a  set  in  A  x  A  ;  i.e,  A 
has  G^-diagonal . 

(c)  If  X  is  a  space  with  G^-diagonal,  then  X  has  a  G^- 
diagonal  with  respect  to  every  stronger  topology. 


Proposition  2.2.3  If  a  topological  space  X  =  X^  where  for  each 

i  ,  X,  is  a  closed  G.  set  in  X  and  such  that  A„  is  a  G.  set 

1  6  X,  o 

1 

in  X^  X  x^  ,  then  X  has  a  G^-diagonal. 


Proof.  By  Theorem  2.2.1,  for  each  i  there  exists  a  countable  family 

r  i  1 

iV,},  -  of  open  covers  of  X,  such  that  for  each  x  e  X,  we  have 
J=1  1  1 

^  i  r  *1  °°  J.  i 

.n^  St(x,V,)  =  {x}  .  Let  X,  =  ,0^117,  where  U,  is  open  in  X  . 

J=1  1  J=1  J  J 

Without  loss  of  genrality  let  us  assume  that  u!’.,  ^  for 

J+1  J 

j  =  1,2,...  .  For  a  fixed  i  and  j  let  us  define  the  collection 

of  open  sets  W  in  X  such  that  W  n  X,  is  a  member  of  and 

^  1  Vj 

i  i  // 

W  <=  U,  .  We  now  consider  the  sequence  of  covers  {W,  }  ,  where  for 

3  . 

each  fixed  i  and  arbitrary  j  ,  =  { (X  -  X. ) }  u  W^  .  We  shall 

OO  •  n 

show  that  for  each  x  e  X  ,  .  0  ,  St(x,W^  )  =  {x}  .  Let  x  e  X  . 

^3 

Then  x  e  X.  for  some  i  ,  and  by  the  construction  ,n.  St(x,W^^^)  =  {x} 
1  3=^  ^3 

00  1 

as  X.  =  ,n,  U.  •  Hence  the  proposition  is  proved. 

1  j=l  J 


Definition  2.2.2  A  mapping  f  :  X  ->  Y  from  a  metric  space  X  onto 
Y  is  said  to  be  a  T^-mapping  iff  the  pre-image  of  any  two  distinct 
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points  of  Y  are  at  a  positive  distance. 


Theorem  2.2.4  A  topological  space 
an  open  T^- image  of  a  metric  space. 


has  a  G.-diagonal  iff  it  is 
0 


Proof .  Let  X  be  a  metric  space  with  metric  p  and  f  be  an 

open  T^-mapping  of  X  onto  a  topological  space  Y  .  We  want  to 

show  that  Y  has  a  G  -diagonal.  For  each  positive  integer  n  let 

6 

us  define  V  =  {S(x,n)  I  x  e  X}  where  S(x,n)  for  each  x  e  X  and 

'un 

positive  integer  n  denotes  the  sphere  of  radius  —  .  Obviously, 

n 

V  for  each  n  is  an  open  cover  of  X  .  Since  f  is  onto  and 
^/n  ^ 

open,  W  =  f (V  )  =  {f(S(x,n))  I  x  e  X}  is  an  open  cover  of  Y  for 

each  n  .  By  Theorem  2.2.1,  to  show  that  Y  has  G  -diagonal,  it  is 

6 

00 

enough  to  show  that  St(y,)(jJ^)  =  iy)  for  each  y  e  Y  . 


00 

Suppose  for  some  y  e  Y  we  have  y-  e  n-  St(y  ,W  )  and 

-^o  -^1  n=l  ■'o  ^n 

^  Vq  •  Since  y^  ^  y^  and  f  is  a  T^^-mapping,  we  have 

p(f  ^y^^j  f  ^  ^  i.e.,  there  is  an  integer  n^  such  that 

p(f  ^y, ,  f  ^y  )  >  —  .  But  this  will  imply  that 

1  o  n 

o 

f  ^V  n  St(f  ^y  ,  V  )  =  <|)  ,  i.e.,  y,  i  St(y  ,W  )  ,  which  contradicts 

•^o  o  "^n  1  ■'o  "^^n 

o 

00 

the  fact  that  y,  e  0,  St(y  ,W  )  .  Hence  Y  has  a  G  -diagonal. 

1  n=l  o  ^n  0 


Conversely,  suppose  that  Y 
Theorem  2.2.1  there  exists  a  sequence 


has  a  G  -diagonal.  Then, 
o 

00 

{V,},  -  of  open  covers  of 
i=l 


by 

Y 


such  that  St(y,V^)  =  {y}  for  each  y  e  Y  .  Without  loss  of 

generality  we  may  assume  that  V  ,  refines  V,  for  each  i  .  Let 
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y.  =  {V^  la  e  A  }  for  each  i  .  Let  a  =  .n,  a.  where  each  a, 
^1  a  '  1  1=1  1  1 

carries  the  discrete  topology  and  a  carries  the  usual  product 
topology.  Each  a^  has  the  discrete  topology,  i.e.,  for  any 


'^l’°^2  ^  "^i  define  a  metric  such  that  ^ 

a,  4^  and  zero  otherwise.  Then  if  (a,  , .  .  .  ,a  ,...)  and 
12  I  n 


(&T , . . . ,3  , . .  . )  are 
i  n 

in  A  , 

define 

p((a-,...,a  ,...}, 

1  n 

(3^ , . . . , 3^ , 

r  V  1  2.  .  .,1/2 

-9  P„(a 

n=l  z  n  n  n 

.  Let  a 

=  {a .  } 
1 

be  a  point 

of  A  . 

If 

00  ^ 

. n ,  V  .  and  x 

1=1  1 

e  .n, 

1=1  a 

,  then 

00  i 

X  =  .n^  V 
1=1  a 

since 

St(x,y^)  =  {x}  . 

In  this 

case  we 

put  f(a)  = 

X  .  If 

-e- 

II 

•H  & 
> 

1 — 1 
8  c|| 

•H 

then  the  map  f  is  not  defined. 

Let  X  c  A  be  the  set  of  a  e  a  such  that  f  is  defined. 
Since  every  subspace  of  a  metric  space  is  a  metric  space,  X  is  a 
metric  space.  It  remains  to  show  that  f  is  an  open,  T^-mapping. 


First,  we  show  that  f  is  onto.  For  if  y  e  Y  ,  we  can 
select  a  =  {a,}  ,  a.  e  a,  such  that  y  e  for  i  =  1,2,..., 


a . 

1 


as  V.  for  each  i  is  an  open  cover  of  Y  .  But  then  .n.  V  =  y 
vi  ^  1=1  a, 

1 

so  that  f(a)  =  y  ,  where  a  e  X  c  a  . 


We  now  show  that  f  is  open.  Let  a  e  X  be  an  arbitrary 

point,  say  a°  =  *  Then  it  is  enough  to  show  that  for  any 

neighborhood  0  of  a°  there  is  a  neighborhood  0  ^  of  a° 

a°  la 

such  that  0  c  0  and  fO  is  open.  Let 
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neighborhood  of  a  contained  in  0  and  let 

o 
a 

0.  =  {a  =  {a  }  £  X  I  a  =  a°  for  i  =  1, . .  .  ,k  ,  a 


la 
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n.  n, 

1  1 


=  a  where 
n  n 
o  o 
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n  is  any  index  n,}  .  Then  a  €  0  c  0  c  0 

o  1  T  o  o  o 

la  a  a 

k 

Now  by  the  definition  of  f  we  have  fO  =  ,n  V  .  Clearly 

o  i=o  o  '' 

la  a 

n , 

1 

fO  is  open  as  it  is  a  finite  intersection  of  open  sets, 
la 


Finally,  it  remains  to  show  that  f  is  a  T^-mapping.  Let 
y^^  ^  y2  be  two  distinct  points  of  Y  .  Then  there  is  a  k  such  that 
y^  ^  *  Therefore,  if  a  -  (a^, . . . ,a^, . . . )  £  f  ^y  ,  and 
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p  (  (a^ , . . .  ,a^, . .  .  )  ,  (3j^ , .  •  .  .  . .  )  )  >  -^  .  Consequently 

p(£  ^(x^),f  ^(x2))  >  .  Hence  the  theorem  is  proved. 


Definition  2.2.3  A  topological  space  X  is  said  to  have  G^-diagonal 
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CHAPTER  III 


a-PARACOMPACT  AND  F  -SCREENABLE  SPACES 

a 


The  concept  of  a-paracompactness  was  introduced  by 
Arhangelskii  [4J,  who  obtained  a  few  properties  of  cr -paracompact 
spaces,  conjectured  many  and,  remarked  that  it  will  be  worth  investigat 
ing  further  properties . 

The  study  of  the  class  of  a-paracompact  spaces  is  the  subject 
of  Section  1.  There  we  give  some  necessary  conditions  for  a  space  to 
be  a-paracompact  and  study  various  operations. 

In  Section  2  we  study  F^-screenable  spaces  introduced  by 
McAuley  [34] .  We  give  a  characterization  of  F^-screenable  spaces  and 
as  a  corollary  obtained  that  every  F^-screenable  space  is  a-paracompact 
We  also  study  various  operations  on  F^-screenable  spaces. 

In  Section  3  we  establish  some  Interrelations  between  a-para¬ 
compact  and  other  well  known  topolgical  spaces. 

In  Section  4  we  give  some  examples . 

Definition  3.1.1  A  topological  space  X  is  a-paracompact  iff  for 
every  open  cover  of  X  there  exists  a  countable  family 
of  open  covers  of  X  satisfying  the  condition:  for  any  x  e  X  there 
exists  i  such  that  St(x,y,)  c  u  for  some  U  e  U  . 
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Definition  3.1.2  A  topological  space  X  is  fully  normal  iff  every 
open  cover  of  X  has  an  open  point  star  refinement;  i.e.,  for  each 
open  cover  of  X  ,  there  is  an  open  cover  V  such  that  the  cover 

{St(x,;^)  I  X  e  X}  refines  ^  . 

Definition  3.1.3  An  open  cover  of  a  topological  space  X  is  cal¬ 
led  a  g-even  cover  iff  there  exists  a  sequence  of  open  neighborhoods 
of  the  diagonal  in  X  x  X  such  that  for  each  x  €  X  there 
is  i  for  which  V^[x]  c  u  for  some  U  e  . 

The  definition  of  fully  normal  immediatly  implies  - 

Proposition  3.1.1  Every  fully  normal  space  is  a-paracompact . 

Proposition  3.1.2  If  X  is  a  g-paracompact  space,  then  every  open 
cover  is  a  g-even  cover. 

Proof .  Let  ^  be  an  open  cover  of  a  g-paracompact  space  X  .  Then 
there  exists  a  countable  family  open  covers  of  X  satisfy 

ing  the  condition  that  for  any  x  e  X  there  is  i  such  that 
St(x,V,)  c  U  for  some  U  e  U  .  Let  G,  =  u(V  x  v  I  V  e  V.)  for 

1  'vl 

.00 

i  =  1,2,...  .  Obviously,  i-q  ^  countable  sequence  of  neighbor 

hoods  of  the  diagonal  in  X  x  X  .  We  shall  show  that  the  countable 
00 

sequence  required  property. 

Let  X  e  X  and  i  be  such  that  St(x,V.)  c  u  for  some 

VI  o 

U  €  U  .  We  shall  show  that  G, [x]  c  St(x,y,)  .  For  if  y  e  G.[x]  , 

o  V  1  Vi  1 


X^sva  15 Jt  l&anon  yIIuI  a±  X  sosqe  iBoxgoIoqol  A  £.J.£  nojllgllgQ 


rfD83  :iol  ,.a.±  j^namanlls^  iBls  Inioq  naqo  ns  earf  X  lo  Tsvoa  fisqo 

f; 

Tavoo  aril  ladl  riaua  V  lavoo  naqo  na  si  atrarii  »  X  io  lavoo  nsqo 

.  V  B^oJtlSl  {x  3  -X  I  (y«x)l8} 
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abooriiodriglan  naqo  lo  apnaupaa  a  alalxa  axaril  Hi  "javoo  nava-o  '  s< i»I 
aiaril  X  3  X  rioas  xol  larfl  rioua  X  x  x  ni  lanogaib  aril  lo 

3  U  sraoa  lol  U  =>  [xj  V  rioiriw  2ol  i  al 
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Ylsllaa  X  lo  aiavoo  naqo  lo  aidalnuoo  a  alalxa  airs/tl 

laril  done  1  si  aiaril  X  a  x  y^i^  ^ol  laril  noiiifanoo  aril  gal 

^  ^  I  V)u  =  D  laJ  U  a  U  aaioa  ':iol  U  =>  (.V  ‘x)l8 
lodrisUn  lo  soasopoa  oldsJnooo  e  8±  .^XsuolvdO  . S,I  -  I 

•IdEjnooo  9dd  iBdd  Mod8  Ilsria  sW  .  X  X  X  ot  iBnogsifa  Erid  lo  abood 

>r4  pit  ■■  tr  -y^iaqo-iq  bsiiupsT  Erf]  aari  ,"{,0}  SEoaupsa 

da*.  XXX 

smoe  lol  o  (^VeX)l2  larfl  ripus  ad  i  bna  X  a  x  .  laJ  ‘ 

«  [xJ^O  3  y  li  iql  .  (^\^,x)l8  a  [x]^0  paril  woris  Ilaria  aW  .  ^  3  0 
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then  (x,y)  ^  ~  x  V  |  V  £  V^)  ,  i.e.,  x  and  y  is  in  some 

V  £  ^^  implies  y  £  St(x,^^)  .  Since  y  is  an  arbitrary  point  of 
G^[x]  ,  implies  G^[x]  c  St(x,^^)  .  But  St(x,^^)  c  ,  so 
G^[x]  c  .  Hence  the  proposition  is  proved. 

Proposition  3.1.3  If  X  is  a  a-paracompact  space,  then  every  open 
cover  of  X  has  a  a-cushioned  closed  refinement. 

Proof .  Let  =  {U^  |  s  £  S}  be  an  open  cover  of  a  a-paracompact 

space  X  .  Then  there  exists  a  countable  family  open 

covers  of  X  satisfying  the  condition  that  for  x  £  X  there  is 

i  such  that  St(x,V,)  c  U  for  some  s  £  S  .  Let  us  define 

s 

U  ,  =  {x  £  X  I  St(x,V,)  c  u  }  for  s  £  S  and  i  =  1,2,...  .  For 
s ,  1  i  s 

each  s  £  S  and  i  =  1,2,...,  the  set  U  .  is  closed.  Because 

s,i 

if  y  is  a  limit  point  of  the  set  U  .  ,  then  every  member  of  V, 

^  ^  s,i 

which  contains  y  will  also  contain  some  point  x  of  U  .  .  But 

s ,  1 

St(x,V.)  for  all  x  £  U  ,  is  contained  in  U  ,  so  that 
'^1  Syl  s 

St(y,V.)  c  U  ;  i.e.,  y  £  U  ,  .  Consequently,  U  ,  is  closed  for 
each  s  £  S  and  i  =  1,2,...  .  Let  us  denote  by  =  {U^  ^  |  s  £  S} 
for  i  =  1,2 , . . .  . 

00 

It  follows  from  the  preceding  paragraph  that  is  a 

closed  refinement  of  .  We  want  to  show  that  it  is  a  a-cushioned 
refinement.  For  this,  we  need  only  show  that  for  each  i  and  any 
subset  of  S  we  have 
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Let  y  be  a  limit  point  of  u(U  ,  |  s  €  S  )  .  Then  every  member  of 

s ,  1 

V,  which  contains  y  has  a  non-empty  intersection  with  u(U  ,  |  s  e  S^) 

^  S  )  1 

This  implies  that  St(y,V^)  <=  u(U^  |  s  e  S^)  so  y  e  I  ^  ^  • 

Since  for  each  s  e  S  ,  U  .  <=  U  we  have 

s  ,1  s 


u(U  .  I  s  €  S^)  <=  u(U  I  s  e  S^)  for  each  i  and  any  subset  of 

S  )  1  s 

oo 

S  .  Consequently,  JJ^  is  a  a-cushioned  closed  refinement  of  JJ 


Corollary  3.1.3A  If  X  is  a-paracompact ,  then  for  any  well  ordered 

monotone  decreasing  family  |  a  e  a}  of  closed  sets  with  empty 

intersection,  there  is  a  monotone  decreasing  family  of  sets 

{G  I  a  £  a}  such  that 
a  ' 

(a)  H  c  G  for  all  a  £  a  and 

a  a 

(b)  I  a  £  a)  =  (J)  . 


Proposition  3.1.4  Every  a-paracompact  space  X  is  countably  meta¬ 
compact  . 


.00 

Proof .  Let  be  a  countable  open  cover  of  a  a-paracompact 

00 

space  X  .  Then  there  exists  a  countable  family  of  open 

covers  of  X  satisfying  the  condition  that  for  any  x  £  X  there  is 

i  such  that  St(x,y.)  c  u,  for  some  i  .  Let  us  define 

^1  1 

W  =  {x  £  X  I  St(x,V.)  «=  U,}  for  each  i  and  j  .  As  in  Proposition 

ij  '  1 

3.1.3,  W, .  is  a  closed  subset  of  X  for  each  i  and  j  .  Letting 
ij 

00 

^  ,  it  is  clear  that  is  a  countable  closed  refinement 

of  jl^  and  c  for  each  fixed  i  and  arbitrary  j  .  The  family 
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W  is  countable,  so  we  can  index  by  integers  and  say  W  =  • 


Now,  being  a  refinement  of  U  ,  for  each  k  there  exists  an 


integer  i  such  that  W  c  U, 
iC  K. 


Let  us  define  B.  =  U.  and 


^  •  Then  open  cover  of  X  such  that 

^  ~  K-l  ^  closed  refinement  and  c  for  each  k  . 

n=l 

Let  us  define  =  B.  and  R  =B  n  (.n,  (X-W,))  for 

11  n  n  1=1  1 

n  >  1  .  Clearly,  for  each  n  ^  R  is  an  open  set  and  R  c  B  for 


n 


oo 

each  n  .  We  need  only  show  that  {R  }  ,  is  a  point  finite  cover 

n  n=l  ^ 

00 

of  X  .  {R  }  -  is  a  cover  of  X  ,  for  if  x  e  X  and  x  R^  then 
n  n=l  1 

there  is  first  n  such  that  x  e  B  and  x  ^  B  for  m  <  n  .  Then, 

n  m 

by  the  construction  of  R  we  have  x  e  R  .  Therefore  i.R  }  ,  is 

n  n  n  n=l 

an  open  cover  of  X  .  iR  ;  ,  is  point  finite  because  IW,  L  ,  is 

n  n=l  k  k=l 

a  countable  closed  cover  of  X  .  Thus,  we  have  shown  that  {R  }  , 

n  n=l 

is  a  point  finite  open  refinement  of  therefore  of  . 

Hence  X  is  countably  metacompact. 


Proposition  3.1.5  A  topological  space  X  is  hereditarily  a-para- 
compact  iff  every  open  subspace  X  is  a-paracompact . 


Proof .  If  X  is  hereditarily  a-paracompact,  then  every  subspace  of 
X  is  a-paracompact,  and  hence  every  open  subspace  of  X  is  a-para¬ 
compact  . 


Conversely,  let  us  assume  that  every  open  subset  of  X  is 
a-paracompact,  and  let  A  be  any  subset  of  X  .  Let  ^  =  {U^  |  s  e  S} 
be  a  cover  of  A  by  sets  open  in  A  and  let  V  =  {V  I  s  e  S}  be  a 
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family  of  open  sets  in  X  such  that  U  =  v  n  A  for  s  £  S  .  Let 

s  s 

V  =  u(V  I  s  €  S)  .  Obviously,  V  is  an  open  subset  of  X  ,  and 
s 

so  by  the  hypothesis  is  a-paracompact .  Since  is  a-paracompact 

r  1  °° 

there  exists  a  sequence  open  covers  of  V  satisfying 

the  condition  that  for  any  x  £  there  is  i  such  that  St(x,V.)  c  v 
for  some  s  e  S  .  For  each  i  let  us  define  U ,  =  { V  n  A  I  V  e  V , }  . 
Clearly,  ^  sequence  of  covers  of  A  by  open  sets  in 

A  and  if  x  £  A  ,  then  x  £  and  so  there  is  i  such  that 

St(x,V,)  c  V  for  some  s  £  S  .  Consequently,  St(x,V,)  n  A  =  St(x,U,)  ^ 
n  A  =  .  Hence  ^  desired  sequence  of  open  covers 

of  A  which  implies  A  is  a  a-paracompact  space.  Since  A  is  an 


arbitrary  subset  of  X  ;  X  is  hereditarily  a-paracompact 


Definition  3.1.4  A  subset  A  of  a  topological  space  X  is  called 
a  generalized  set  iff  for  each  open  set  U  =>  A  there  is  a  F^ 

set  F  such  that  A  «=  p  c  u  . 


Proposition  3.1.6  If  X  is  a-paracompact,  then  every  generalized 
F^  set  A  is  a-paracompact. 

Proof .  Let  A  be  a  generalized  F^  subset  of  X  .  Let  U  =  {U^  |  s  £  S} 

be  an  open  cover  of  A  by  sets  open  in  the  subspace  A  .  Let 

V={v  IseS}  be  a  family  of  open  sets  in  x  such  that  V  n  A  =  U 

'us  S  S 

for  each  s  £  S  .  Let  =  u(V  I  s  £  S)  .  Obviously,  is  open 

s 

in  X  and  contains  A  .  Since  A  is  a  generalized  F^-set  in  X 

there  exists  a  F  -set  F  in  X  such  that  A  c  F  <=  v 


where 


isJ  .8^8  Toi  An  V  -  n  JBriJ  rioBB  X  ni  aasa  n9qo  lo 

8  B  M 


bnfi  ,  X  isedua  nsqo  as  ax  ,vXaooxv<iO  .  (2  3  a  1  gV)u  -  V 

30£qmooB7fiq-t)  al  eonlB  .  33BqfflODc:rBq-D  af  \  alasrfaoqYri  arfi  oa 

gniylaUsa  a^svoo  naqo  5o  sonsupsa  a  aJalxs  sierfi 

V  3  (  V,x)38  3Brf3  rioua  1  al  aiarfJ  3  x  yna  lol  JarfS  nolJlbnoD 
a 

*  ^  ^  I  ^  ^  ~  1?  snl^ab  aif  33l  1  rfoaa  io1  .  3  3  a  smoa  loi 

fll  8396  nsqo  A  S^o  aisvoo  lo  aonaupaa  a  ai  t^I^aalO 

3afi3  riaua  1  al  aiadJ  oe  fans  V  3  x  n9fl3  «  A  3  x  11  bna  A 
3  (.yifX)38  »  A  n  (^^«x)33  ,Y-^^caop98no3  .  8  3  8  amoa  lol  ^7  =>  (^y*x)38 
aiavoa  naqo  lo  aanaijpaa  baiclaab  a  al  ^onaH  .  *  A  n 

ns  al  A  aonlS  .aoaqa  33aqiaooB'iBq-o  a  al  aallqml  riolriw  A  io 

. jDBqffiOoanaq-D  yllne3lbaiari  al  X  ?  X  lo  3a3dua 


•< 

baIXaa  al  X  aoaqa  Isolgoloqoo  a  lo  A  daadna  A  ^.X.£  frol^lirllftfl 
^  a  al  a39rf3  A  c  U  daa  naqo  rioaa  *iol  111  398  ^  baslla'xan^s  a 

.  U  3  ”5  =5  A  3Bri3  rfoua  1  ISB 


baslXaTdnag  \rx3va  narf3  j'sosqraooaiaq-o  al  X  II  d.I.C  nol3lao<TOT^ 

V  .30Bqniooa:iaq-c  al  A  39a  ^ 

I 

V' 

{a  3  8  I  gU}  »  ^  3aJ  .  X  lo  39adua  ^  baslXsnaxiag  a  ad  A  39J  •12223. 

3dJ  .  A  aoaqadua  ari3  nl  naqo  adaa  yd  A  lo  ^avoo  naqo  na  ad 

»  A  n  1  3ad3  doua  x  nl  a39a  naqo  lo  yXlmsl  jb  ad  (8  3  a  |  ^V)  ^ 

nsqo  al  .ylaaolvdO  »  (8  3  a  I  V)u  «  \  3a J  .838  '^ifoas  10I 

a 

X  nl  398-^^  bssllBxsnag  a  el  A  sonlS  .  A  anla3noo  bns  X  nl 
% 

9X9nu  t  V,  o  1  o  A  3srf3  doua  X  nl  1  398-  I  b  83aixa  aiadl 
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F  =  .U-  F.  ,  and  F,  is  closed  in  X  for  each  i  .  For  each  i 

it  is  obvious  that  {V^  |s  e  S}  U  {(X-  F^)}  is  an  open  cover  of  X  . 

But,  X  is  a-paracompact  implies  for  each  fixed  i  there  exists  a 

countable  family  open  covers  of  X  satisfying  the  condition 

that  for  any  x  e  X  there  is  j  such  that  St(x,W^)  c  x  -  F^  or 

V  for  some  s  e  S  .  For  arbitrary  i  and  i  define  =  {W  n  A  I  w  e  W^} 

s 

We  shall  show  that  the  countable  family  i-i  open  covers  of 

A  has  the  required  property. 


Let  X  e  A  .  Then  for  some  i 


X  e  F,  so  that  x  X  -  F. 

1  1 
o  o 


o  ^ 

Now  consider  the  countable  family  {W,  } ;  then  the] 

4  4  J”! 


O  -I  °° 

:re  is  i  such 
o 

1  1 

that  St(x,R.°)  =  St(x,W,°)  nAcV  nA=U  for  some  s  £  S  .  Hence 
J  s  s 

o  o 


the  proposition  is  proved. 


Corollary  3.1.6A  If  X  is  a-paracompact,  then  every  F^  subset  of 
X  is  a-paracompact. 

Corollary  3.1.6B  If  X  is  a-paracompact,  then  every  closed  subset 
of  X  is  a-paracompact. 

Corollary  3.1. 6C  A  perfectly  normal  a-paracompact  space  is  hereditarily 
a-paracompact . 

Proposition  3.1.7  The  sum  X_  of  a  family  {X^  |  s  £  S}  of  dis- 

Ss  s 

joint  topological  spaces  is  a-paracompact  iff  X  is  a-paracompact 

s 


for  each  s  £  S  . 


A£ 


’ll 


1  .  1  Koss  ^oi  X  ni:  basola  el  bna  ,  ^ 
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nolJibnoa  aria  gnlyleiisa  X  lo  bibvoo  asqo  lo  vllasl  slcfsintroo 

lo  -*  X  =>  (fw.x)33  isrf:)  douB  t  a±  a'xerfi  X  3  x  ypB  io5  iBiii  ' 

X  2 

3  w  |a  n  W}  »  sfflidfa  t  ^  lo"!  .  3  3  8  saioa  lol 

W  .  I* 

“f  • 

5o  8T9VOO  /rsqo  yIIuibI  3lcfs3flyoo  srfl  3srfi  worfa  Xlsrfa  sW 

.Y339qoiq  fasiiupsT  9il3  asrf  A 


-  X  ^  X  3ari3  oa  .■?  3  x 


^  41 


rioua  t  al  ais/fj  narfj  , 


i  smoa  io2  nsriX  .  A  3  x  3dJ 


CO  Q 

t  Y^-tOTs5  3lds300oo  9rf3  isblenop  iro51 

An  V  :>  A  n  (°^W,x)33  »  (°^X.x)33  3Bd3 
a  t  . 

o  V  o 

.bsvo:tq  a±  0o±3iaoqo'xq  sria 


sondH  .  3  3  8  diooa  loi  U 
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3Dadua  Y3BV9  osrfi  «3oeqnTODS36q-D  ai  X  il  Ac.I.f  YialXoioO 
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,3oBqflioas3Bq-o  ai  X 


3B8dua  baaolo  Y39V3  asdi  «3o£qinoo63Bq-D  ai  X  il  ad.I.£  rialXoToO 

,,  .3  3Bqfn00B1Bq-O  al  X  io 

I 

YllxBJlbBXBri  ai  Boaqa  JDsqinooEiBq-o  Ismon  Y-t3D9a39q  A  3d.X.£  yisIIoxoO 

.  3DSqflIO0SttBq~O 


-alb  io  {3  3  e  I  ^X}  yXiinsi  b  io  ©  mue  arfT  \,l.t  nomaoqoi? 

33a 

3oBqmoo6iBq-o  ai  ^X  iil  Xosq^oDBieq-o  el  asoBqa  XfiolgoXoqo^  inlot 
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Proof ♦  If  X  is  a-paracompact ,  then  by  Corollary  3.1.6B,  X  is 

s 

a-paracompact  for  s  e  S  . 


Coilversely,  let  us  assume  that  X  is  a-paracompact  for  all 

s 

s  e  S  and  let  V  =  {V  |  t  c  T}  be  an  open  cover  of  X  .  For  each 


e  S  the  family  V  =  {X  n  I  t  e  T}  is  an  open  cover  of 

'V'S  s  t  '  ^ 


X 


r  *1  ^ 

Let  iV  n  be  a  countable  family  of  open  covers  of  X  satisfy- 

'V^S,!  1=1  J  t'  s  ^ 

ing  the  condition  that  for  x  e  X  there  is  i  such  that 

s  X 

St(x,y  .  )  c  X  n  for  some  t  e  T  .  We  shall  show  that  the 
'V'Sjl  s  t 

X 

00  I 

countable  family  {W.},  ,  is  the  required  one,  where  W.  =  u  {V  .  s  e  S 

J  A.1  1=1  ^  ^s ,  1  ' 


For  if  X  €  X  ,  then  there  is  s  such  that  x  e  X  and  there  is 

X  s 

X 

i  such  that  St(x,y  .  )  <=  x  n  for  some  t  .  But 

X  ^s  ,1  s  t 

X  X  X 

St(x,;^^  ^  )  =  St(x,J^^  )  implies  St(x,)i^^  )  c  .  Hence  the 


X'  X  X 

proposition  is  proved. 


X 


A  discrete  space  of  arbitrary  power  is  always  fully  normal,  and 

hence  by  Proposition  3.1.1,  X  is  a-paracompact.  We  also  know  that 

every  topological  space  is  a  continuous  image  of  a  discrete  space,  so 

we  can  easily  conclude  that  the  continuous  image  of  a  a-paracompact  space 
is  not  necessarily  a-paracompact. 


Definition  3.1.5  A  continuous  mapping  f  :  X  ->  Y  is  called  a  W- 
mapping  for  any  open  cover  W  of  X  iff  for  each  point  y  e  Y  there 
is  a  neighborhood  0^  of  y  such  that  f  ^0^  is  contained  in  some 
member  of  W  . 


Proposition  3.1.8  If  for  every  open  covering  W  of  the  space  X 


al  X  ,ad.I.£  r^BLlo-xoD  .3oBqmoD6isq-D  eX  X  XI  *22231 

a 


■  r 


;!i 


.238  io5  d^oBqjnoDBtrfiq-'D 
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k*  ,  ^  ,1 
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00  * 
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8  ■ '  '  ^ 

isriJ  rfoi/3  i  ai  aisdl  X  3  x  io5  isrid  noi3ibnoo  9/15  gni 
X  a 

9/15  3Bfl5  worla  IXsrie  aW  .  T  3  3  sraoe  io5  ^  ^  ^  i 

X  * 

;.  :  00  ■■ 

{8  3  8  I  ^  U  «  919riW  ,9fIO  bsliupai  9rfJ  8i  ^XifliB5  sXdBixwoo 

ei  919/15  bns  X  3.x  5Bri5  doua  a  ai  913/15  n9/i3  «  X  3  x  5i  io? 

8  X 

X 

5tjfi  .  5'  sraoa  io5  n  X  ^  (  .  ^«x)58  5B/15  dons  1 

3  3  i  *  aw^  *  X 

X  X  X 

9/15  93fT9H  .  3  (  ^J^%x)52  asiXqmi  (  ^Jj(,x)52  *  (  j. 

X  X  *x 

.bevoiq  ai  noi5i3oqoiq 


V., 


i  <*/. 


#  m 

IKjI 
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^  .. 
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99Bqe  5c>BqnoDsi6q-o  s  5o  sgBini  auoi/xiidnoD  9/15  5Bd5  sbnionoo  ^XiBBS  o&o  9W 

.53BqniooBiBg-D  YiiiBaaaoan  5on  ei 


-W  B  bslieo  si  Y  X  ;  5  §/iiqqBiii  auot;qi3aoo  A  2.i.£.  /iol5xoii«<I 
919/15  y  3  3nioq  rioBS  io5  55i  X  5o  W  isvoo  xi9qo  io5  gniqqBis 

C 
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.  .  I- 
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.  W  5o  79dfl»ffl 
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there  exists  an  W-mapping  f  :  X  Yy  ,  where  is  a-paracompact , 

then  X  is  a-paracompact . 

Proof .  Let  W  be  an  open  cover  of  X  .  Then  there  is  a  continuous 

function  f  :  X  Y^  where  Y^  is  a  a-paracompact  space  depending 

on  W  .  Since  f  is  an  W-mapping  for  each  y  e  Y  ,  there  is  an 

w 

open  neighborhood  0^  of  y  such  that  f  ^0^  is  contained  in  some 

member  of  W  .  Obviously  0  =  {0^  |  y  e  Y}  is  an  open  cover  of  Y^  . 

Now,  Y  is  a-paracompact,  so  there  exists  a  countable  family 

w 

oo 

i"l  open  covers  of  Y  satisfying  the  condition  that  for  each 
y  e  Y  there  is  i  such  that  St(y,V,  )  is  contained  in  some  member 

■'  y 

y  00 

of  0  .  We  shall  show  that  the  countable  family  {f  V,},  ,  of  open 

V  %i  1=1  ^ 

covers  of  X  ,  where  f  ^V,  =  ^f  ^v|  v  e  V.^  for  each  i  ,  has  the 

1  1 

required  property. 

Let  X  e  X  ,  and  i  =  i^,  .  where  i^,  x  is  an  integer 

X  f(x)  f(x) 

such  that  St(f(x),V.  )  is  contained  in  some  member  of  0  .  Clearly, 

'"’■f(x) 

StCxjf  )  c  st(f  ^y,f  )  >  where  y  =  f(x)  .  It  is  obvious 

^X  f(x) 

that  St(f  ^y,f  ^V,  )  is  contained  in  the  inverse  image  of  a 

member  of  0  which  contains  St(y,y,  )  and  which  in  turn  is 

f  (x) 

contained  in  a  member  of  W  .  Hence  the  proposition  is  proved. 

Definition  3.2.1  A  topological  space  X  is  F^-screenable  iff  every 
open  cover  of  X  has  a-discrete  closed  refinement. 

Theorem  3.2.1  A  topological  space  X  is  F^-screenable  iff  for  every 
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■  " 
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open  cover  ^  of  X  there  is  a  countable  family  open 


covers  of  X  refining  for  all  i  satisfying  the  condition  that 


for  each  x  e  X  there  is  i  such  that  x  is  in  exactly  one  member 

X 


of  W. 

X 


Proof .  Let  U  =  {U^  |  s  £  S}  be  an  open  cover  of  X  .  Then, 


there  is  a  a-discrete  closed  refinement  V  =  .u,  V,  of  U  ,  where 

1=1  '\;l  V 

for  each  i  ,  V,  =  {V^  I  a  £  a  }  .  Let  us  define  0^  =  X  -  u(V^  I  3  e  a. 

and  a  3)  for  a  £  a^  and  i  =  1,2,...  .  Obviously,  0^  is  open 

for  each  a  £  a,  ,  c  0^  and  0^  n  =  (b  ,  if  a  ^  3  •  For  each  a  , 

1  ’  a  a  a  3 

and  i  choose  a  set  U  £  U  such  that  U  ,  and  denote  it  by 

s  V  as 

.  Now  for  each  i  ,  let  us  define  W.  =  {0^  n  I  a  £  a,}  u 
a  vi  a  a  '  1 

{ (X  -  u(V^  |a£A,))nU|s£S}.  It  is  easy  to  verify  that  for 

each  i  ,  W,  is  an  open  cover  of  X  and  if  x  £  ,  then  x  is 

’  Vi  ^  a  ’ 

in  a  unique  member  of  W.  ,  namely  0^  n  .  We  shall  show  that  the 
^  VI  ’  a  a 

00 

countable  family  open  covers  of  X  satisfies  the  required 


property . 


i 

Let  X  £  X  .  Then  x  £  V  for  some  i  and  a  £  a. 

a  XI 

X 


Then  by  the  remark  in  the  preceding  paragraph  x  is  in  a  unique  member 


of  ]i^.  .  Hence  is  the  required  countable  family  of  open 

X 

covers  of  X  . 


Conversely,  let  =  (U^  |  s  £  S}  be  an  open  cover  of  X  and 

{W  }°°  be  a  countable  family  of  open  covers  of  X  having  the  required 
vi  i=l 

property.  Let  =  {W^  |  a  £  a^}  for  each  i  .  Let  us  define 
U(a,i)  =  {x  £  X  I  St(x,W^)  =  }  for  a  £  a^  and  1  =  1,2,...  .  The 
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oaqo  3o  yXlmB3  9lriB3nuoa  bailupsi  aria  al  sonaH  .  ^  3o 

.  X  3o  aiavoa 


bo.  X  io  «voa  oaqo  n.  ad  {2  a  e  |  ^U)  -  5  jox  .ylaaoavooO 

baalopsi  arij  gnlvatl  X  io  eiavoo  oaqo  io  uiinei  aldsJnuoo  s  ad  "(  W) 

1*1  ^ 

aniisb  iaj  .  ±  do.s  ooi  (_^a  a  „  |  ^w)  -  jaj  .yjj.qo,, 
»dT  .  ....S.I  -  i  bn.  a  o  ,oi  {  -  (^5t.x)i3  |  X  3  x}  -  a,»)0 


38. 


subset  U(a,i)  of  is  closed  in  X  .  For  if  y  is  a  limit  point 

of  U(a,i)  every  member  of  which  contains  y  will  also  contain 

a  point  of  U(a,i)  .  So,  if  y  belongs  to  for  3  a  ,  then 

p 

some  point  of  U(a,i)  is  in  two  members  of  which  is  not  possible, 

i.e,  y  is  in  U(a,i)  .  Now  we  show  that  the  collection 

=  {U(a,i)  I  a  e  a^}  for  each  i  ,  is  discrete.  For  if  x  e  X  , 
there  is  no  member  of  which  contains  x  and  intersects  two  members 

of  the  collection  U.  .  Hence  U,  is  a  discrete  collection  of  closed 

o-i  'x^i 

00 

sets  for  each  i  .  Finally,  it  is  easy  to  verify  that  is  a 

a-discrete  closed  refinement  of  .  Hence  the  theorem  is  proved. 

Corollary  3.2.1A  Every  F^-screenable  space  is  a-paracompact . 

Corollary  3.2.1A  answers  a  question  of  Arhangel'skii  [4]. 
Recently  Coban  [17]  and  Burke  and  Stoltenberg  [12]  have  also  proved 
this  Corollary. 

Corollary  3. 2. IB  Every  F^-screenable  space  is  countably  metacompact. 

Proof.  Follows  from  Corollary  3.2.1A  and  Proposition  3.1.4. 

Remark  3.2.1  Every  countable  T^-space  is  F^-screenable  and  hence 
a-paracompact . 

Proposition  3.2.2  Let  X  be  an  F^-screenable  space  and  let  F  be 

F  set  of  X  .  Then,  the  subspace  F  is  F  -screenable. 
a  cr 


an 
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Proof.  Let  F  =  , F,  ,  where  F,  is  closed  in  X  for  each  i  . 
Let  =  {U^  I  s  e  S}  be  an  open  cover  of  F  and  let  us  denote  by 
V  =  {V^  I  s  e  S}  a  family  of  open  subsets  of  the  space  X  such  that 
U  =  V  n  F  for  each  s  £  S  .  The  family  {V  |s£S}u{(X-F.)} 


is  an  open  cover  of  X  for  each  i  .  X  is  F^-screenable ,  so  for 

i  00  2. 

each  i  there  exists  a  a-discrete  closed  refinement  W  =  ,U-  W.  . 

%  J=1 

Let  us  define  =  {W  n  F^.  |  w  £  and  W  n  F_.  4)}  .  It  is  easy 


OO  1 

to  verify  that  .  ^  ^  V  is  a  a-discrete  closed  refinement  of  U  . 

i,j=l  ^ 


Hence  F  is  F  -screenable, 
a 


Corollary  3.2.2A  Every  closed  subspace  of  a  F^-screenable  space  is 

F  -screenable. 
a 

Proposition  3.2.3  The  sum  X_  of  the  family  {X_  |  s  £  S)  of 

Ss  s 

disjoint  topological  spaces  is  F^-screenable  iff  each  X^  is  F^-screen- 
able . 


Proof .  Similar  to  Proposition  3.1.7. 


00 

Proposition  3.2.4  Let  X  be  a  topological  space  such  that  X  =  X^  , 

where  X  for  each  i  is  a  closed  F  -screenable  subspace  of  X  . 
i  a 

Then  X  is  F  -screenable. 

a 


Proof.  Let  U  =  {U  s  £  S}  be  an  open  cover  of  X  .  Then,  for  each 
-  '\i  s 

i  .  the  familv  {U  n  X.  Is  £  S}  is  an  open  cover  of  X.  and  so  there 
*  s  1  1 

00 

exists  a  a-discrete  closed  refinement  V,  =  u.,  V,  in  X  . 

n=i  ^i,n  n' 


Since 
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X.  is  closed,  for  each  i  and  arbitrary  n  ,  V.  is  a  discrete 

1  ^  >  0-1, n 

collection  of  closed  subsets  of  X  .  Now,  it  is  clear  that 
00  00  00 

y  =  ,Ut  y.  =  .Ut  Ut  y.  is  a  required  a-discrete  closed  refinement 
'v  1=1  1=1  n=l  '^i,n  ^ 

of  y  .  Hence  X  is  F  -screenable. 

'v  a 

Corollary  3.2.4A  Let  X  be  a  regular  space  which  is  a  countable 
union  of  closed  paracompact  spaces.  Then  X  is  F^-screenable . 

Proof .  Follows  by  Proposition  3.2.4  and  the  fact  that  a  regular 
paracompact  space  is  F^^-screenable . 

Proposition  3.2.5  If  X  is  a  Hausdorff  locally  compact  and  F^- 
screenable  space,  then  X  is  a  countable  union  of  closed  paracompact 
subspaces . 

Proof .  Let  U  be  an  open  cover  of  X  and  V  be  an  open  refinement 

such  that  the  closure  of  each  of  its  members  is  compact.  X  is  F^- 

00 

screenable,  so  there  exists  a  a-discrete  closed  refinement 
of  V  ,  where  =  {W^  |  a  c  a}  for  each  i  .  We  shall  show  that  for 
each  i  the  subset  wf  =  u  (W^  I  a  e  a,)  is  paracompact  as  a  subspace 
of  X  .  By  Theorem  2  of  Suzuki  [54]  W^  is  collectionwise  normal  and 
by  Corollary  3.2.4A,  is  F^-screenable .  Finally  be  Lemma  2  of 

McAuley  [34]  wf  is  paracompact  for  each  i  .  Hence  the  proposition 
is  proved. 

Remark  3.2.2  From  Proposition  3.2.4  and  Proposition  3.2.5  we 
immediately  conclude  that  a  locally  compact  Hausdorff  space  is 
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F^-screenable  iff  it  can  be  represented  as  a  countable  union  of 
closed  paracompact  subspaces. 


+ 

Theorem  3.2.6 
open  cover  of 


A  topological  space  X  is  F^-screenable  iff  every 
X  has  a  a-locally  finite  closed  refinement. 


Proof .  Clearly,  if  X  is  F^-screenable  then  every  open  cover  of 
X  has  a  a-locally  finite  closed  refinement. 


Conversely,  suppose  every  open  cover  of  X  has  a  a-locally 


Let 

« = 

{U  s  e 

s  ' 

S}  be 

an 

open  cover 

where 

3 

•H 

> 

II 

•H 

< 

for 

each  i  , 

refinement 

of  U  . 

For  each 

i  and  a 

0/ 


let  us  denote  by  s  a  fixed  index  in  S  such  that  V  c  u  . 

a  a  <,1 

,  .  .  OL 

we  denote  by  W(V^)  =  (U  .  x  U  .)  u  ((X  -  V^)  x  (x  -  V^))  and 


1 

Now 


a 


a 


W.  =  n(W(V  )  a  e  a.)  for  each  i  .  We  claim  that  for  each  i  , 

W^  is  a  symmetric  neighborhood  of  A  =  {(x,x)  |  x  e  X}  .  Let 

(x,x)  e  A  and  0^  be  a  neighborhood  of  x  in  X  which  intersects 

at  most  finitely  many  members  of  say  > • • • .  This  is 

1  n 

possible  as  is  locally  finite.  Clearly  0^  ^  (X  -  V^)  x 

(X  -  Vq)  for  all  3  e  A  for  which  0^  n  =  ())  .  Now,  it  is 

^  i^  ^ 

easy  to  see  that  (0^  x  o^)  n  ( .n^  W(V  ))  is  a  neighborhood  of 

X  X  "1  X  ot  • 

J 

(x,x)  and  is  contained  in  W^  . 


Without  loss  of  generality  let  us  assume  that  c 

for  each  i  .  Then  by  the  construction,  it  is  easy  to  see  that  for 
each  i  ,  W^  is  symmetric,  A  c  W^  .  On  X  let 
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D.K.  Burke,  On  subparacompact  spaces,  Proc.  Amer.  Math.  Soc.,  23 
(1969),  655-663. 
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us  define  a  new  topology  t  such  that  U  e  t  iff  for  each  x  e  U 

there  i  such  that  W^[x]  <=  u  .  It  is  easy  to  see  that  x  is  a 

topology.  Let  us  define  d  :  X  x  X  R  ,  where  R  denotes  the  set 

of  real  numbers,  by  setting  d(x,y)  =  iff  (x,y)  e  W.  -  W 

2^  1  i+i 

for  i  =  0,1,2,...  and  d(x,y)  =  0  ,  otherwise.  Obviously, 
d(x,y)  =  d(y,x)  ,  d(x,y)  =0  if  x  =  y  and  x  e  Cl^A  <=> 
inf  {d(x,A)}  =  0  . 


Now,  for  vf  =  u(V^  I  a  e  A,)  consider 

W  =  {int  (W, [x] )  X  e  V. } .  T  .  This  is  an  open  cover  of  X  in  the 

topology  T  ,  for  each  x  e  •  Also,  for  each  i  and 

X  e  vf  we  have  W.  [x]  c  W(V^)  c  u  ,  for  some  a  £  a 


a 


’a 


.  ,  i .  e .  ,  W 

1  % 


is  a  refinement.  Now  using  techniques  of  Lemma  1  in  McAuley  [34]  one 
can  show  that  every  x  open  cover  of  X  has  a  a-discrete  closed 
refinement  with  respect  to  x  .  Since  x  is  weaker  than  the  original 
topology,  a-discrete  closed  collection  in  x  is  also  a  a-discrete 
closed  collection  in  the  original  topology.  Hence  the  theorem  is 
proved . 


Definition  3.2.5  A  mapping  f  :  X  Y  is  called  perfect  iff  f  is 
continuous,  closed  and  for  each  y  £  Y  ,  f  ^y  is  compact. 


Theorem  3.2.7  Let  X  and  Y  be  regular  spaces  and  f  :  X  ->  Y  be 


a  perfect  onto  mapping.  Then  X  is  F^-screenable  iff  Y  is 


F  -screenable. 
a 


U  3  X  rfDB9  7o5  551  T  3  U  Isrfl  rfouB  T  ysoloqol  wan  b  aailBb  w 
s  el  T  iBrfl  938  o3  ■'{869  al  Jl  .  U  ^  fx]  ^  ifijil  xfoue  1  S^Bl^3 
198  9ri5  89loff9b  3  9i9rfw  ,H''*"X^Xib  snllsb  au  19J  .^oloqoJ 
.w  -  .W  3  <^«x)  111  -jA  -  (Y,x)b  gnill98  ^{d  .s^sdiJU/fl  lesx  5o 

ATX  X 

,^l8wolvd0  .aeiwisrilo  ,  0  *=  (Y<3c)b  bns  ,SeI«0  »  1  3o5 
<»=>  A  ID  3  X  bns  X  -  X  51  0  =  (^{.x)b  ,  (x«Y)i>  “  (Y.x)b 

T 


isblanoo  *  3  ®  1  loi  ^woK 

aril  ctI  X  lo  59V0D  naqo  ns  ax  alriT  .  ^  ^  ^  (fxl^W)  ^inl)  ■  Jj( 

bns  1  riD69  :to5  ,08lA  .  (lx]^W)  ^ml  3  x  riosa  xo5  ,  t  ^f8oIoqoJ 

1  % 

W  ,.9.i  t  . A  3  JO  snioa  io5  .  U  =  (  V)W  3  [x]  W  averi  9W  , V  3  x 

X  -Lp  JO  Jt  X 

”  •  •  I 

9no  [^£]  ^bIuAdM  ox  I  BmnraJ  2o  aauplorioal  gnlau  woil  .Inaoisnllsi  b  al 
baaolo  alaxoalb-t)  b  aari  X  5o  xsvoo  naqo  t  •^"ibvb  iBrfl  woria  nso 
lanxgxxo  sril  nsril  19jsIb9w  el  t  9Dnl3  ;  t  ol  losqas:!  riliw  in^sollsi 
9l9XD8lb-o  B  oalB  81  T  ol  oolioslloo  bsaolo  9i9Toalb-r>  ,^oloqo3 
ax  maxoeril  aril  aonaH  .ygoloqol  iBoiglio  aril  nl  nollaalloo  b»8oId 


bI  ^  5^1  iJolisq  baXJ-Bo  si  Y  X  :  2  gnxqqBjn  A  £«S,£  nolllirllsfl 
-M  .lOBqmoD  al  y  ^  «  Y  3  y  rioBS  xo2  boB  baaola  « ai/ouixlloos 


ad  Y  ^  X  :  2  bos  eaoBqa  iBlugax  sd  Y  bns  X  laJ  ^.S.£  mariosriT 
el  Y  221  9ldBn9a‘i3a-^'2  el  X  nariT  .gnlqqBm  oloo  laaliaq  & 


.aldenaaioa-  ^ 
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Proof .  Let  X  be  F^-screenable  space  and  f  be  a  perfect  mapping 

of  X  onto  Y  .  Let  U  =  {U  |  s  £  S}  be  an  open  cover  of  Y  .  By 

the  continuity  of  f  the  collection  {f  |  s  £  S}  is  an  open  cover 

00 

of  X  .  Let  V  =  ,Ut  V.  be  a  a-discrete  closed  refinement  of 

V  1=1  VI 


{f  I  s  £  S}  ,  where  V,  =  {V^  |  a  e  a,}  for  each  i  .  Let 


Vl 


us 


00  ^  j 

now  define  where  =  {f(V  )  |  a  £  a^}  for  i  =  1,2,...  . 

Since  for  each  y  £  Y  ,  f  ^y  is  compact.  For  fixed  i  there  is 
an  open  set  0^  ^  f  ^y  and  intersecting  only  finitely  many  members 
of  .  By  the  fact  that  f  is  continuous  and  closed  by  Theorem  11.2, 

page  86  of  Dugundji  [18]  there  exists  a  neighborhood  of  y  such 


that  f  ^G,  c  0, 
1  1 


Clearly,  if  0^  intersects  finitely  many  members 


of  ,  so  does  G^  intersect  finitely  many  members  of  .  Hence 

00 

^  ~  i-1  ^i  ^  a-locally  finite  closed  refinement  of  ^  .  Consequently, 

by  Theorem  3.2.6,  Y  is  F  -screenable. 

j  '  (j 

Conversely,  let  f  be  a  perfect  mapping  of  X  onto  a 
F^-screenable  space  Y  .  Let  W  be  any  open  cover  of  X  and 
U  =  {U  I  s  £  S}  be  an  open  refinement  of  W  such  that  the  cover  by 


closures  of  members  of  also  refines  .  This  is  possible  as  X 

is  regular.  For  each  y  £  Y  ,  f  ^y  is  compact  so  we  may  pick  a 

V  V  ~1  n  (y ) 

finite  set  s(y)  <=  S  say  S^,...,S^^^^  such  that  f  y  c  U  ^  , 

n(y) 

Let  V  =Y-f(X-.U,  U  ).  Then,  since  f  is  closed  V  is  an 

y  y 


s , 
1 


-1  n(y) 

open  neighborhood  of  y  such  that  f  V  <=  U 


Now  let 


V  =  ,u,  V,  ,  where 

V  1=1  VI 


for  each  i  ,  V,  =  {V^  |  a  £  a.}  be  a  a-discrete 
’  vi  a  '  1 


closed  reinement  of  {V  I  s  £  S}  .  For  each  i  and  a  e  a  pick 

S  1 


galqqBni  Jositraq  b  ad  i  bna  aoBqa  aIdBnaa:co8“^'5  ad  X  3aJ  .  ^00:1^ 
\ra  .  Y  lavoo  naqo  xxb  ad  {2  3  a  t  ^U}  =  ^  daJ  .  oino  X  5o 
lavoo  naqo  ns  ai  {2  3  a  |  nolioalXoo  ariJ  1  lo  ^3lurrJt3noa  add 

00 

io  dnamanliad  baaolo  adattoaib-o  b  ad  j_y  j.u^  *>  ^  daJ  .  X  io 

30  daJ  .  1  rfosa  { .  a  3  jo  )  "^V}  =  .V  a.tiariw  ,  {2  3  a  (  5} 

X  X'^  'a 

.  *  1  io5  {^A  3  »  I  (  V)i}  =  axarfw  j.u^  =  ^  anX^ab  won 

^  I- 

al  axadJ  x  baxlJ  lol  .dofiqmoo  a±  if  1  ,  Y  3  y  riosa  xol  aonlE 

aiadmacr  vofira  yladinii  yino  gnidoaaisdnx  faxiB  i  c  ^0  dae  naqo  ns 

«S.XI  maioariT  yd  faaaoXo  bns  aooonldnoa  a±  3  dsrfd  do 63  arid  v3  .  .V  3o 

xv* 

riooa  y  3o  ^^3  booridodrisXan  b  adelxa  aTsrid  [3X]  ±t^nogiriI  3o  d8  agsq 

I— 

Bdsdmanr  ynsra  yXadXiil3  adoaadadnX  ^0  31:’,  yidsaXO  *  ^  ^ 

aonaH  .  ^V(  3o  aiadxfiain  ynBni  yiadinx3  dDaaiadnx  ^3  aaob  oa  ,  3o 
.yXdnaopaanoD  .  3o  dnani9n±3ad  faaaolo  ad±n±3  yXisooX-o  b  ax  J 

^  .aXdfinaaxoa-^^  aX  Y  ,d.£.€  rjaioariT  yd 

f 

i 

^  1 


B  odno  X  3o  gniqqBd  dD93d9q  s  ad  3  daX  ,yXaadavnoD 

bxiB  A  3o  xavoo  naqo  ynB  ad  lj[  daJ  .  Y  aosqa  sXdBnsaxoa**  "i 
yd  davoo  arid  dsrid  rboa  W  3o  dn9nianx39d  naqo  ns  ad  {2  3  81  U)  s  g 
X  as  aldlaaoq  ai  alriT  .  ,\j(  eanXXai  obXb  U'  3o  adadinafli  3o  aadoaoXs 
B  dfoxq  yam  aw  oa  dosqidoo  a±  y^  3  ,  Y  3  y  rfosa  dol  .islogai  al 
y  ^  X»1  ^  ^  ^  dsrfd  rioua  ^^^^2,...,j2  ysa  2  o  (y)a  dsa  adlnll 

nB  aX  V  baeoXo  eX  3  aonla  ^narfT  .  (  U  -  X)a  -  Y  *  V  daJ 

X  y  X«X  y 

X^ 

r  (Y)n  r- 

daX  woM  .  ^  U  ^  3  dsrfd  rfooa  y  3o  boorfdodrfg^ao  nsqo 

^  2 

sasiDBlb-O  «  3d  .  {^A  ,  „  I  ^V)  =  J.5;  ,1  rf3BS  joi  STSriw  .  .  J 

>l3iq  ^A  3  JO  ijnB  i  fio63  lo"?  .  {3  3  a  |  ^v}  3o  dasmsala^  baaoXs 
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y  such  that  c  v  and  let  e  S(y)  .  Then,  define 

y  j 


W(i,a,sT)  =  f"  n  U 


a 


s! 

3 


For  fixed  i  and  j  the  collection 


{W(i,a5S.)  la  e  a,}  is  discrete  as  for  fixed  i  ,  V,  is  discrete 
J  1  ’ 


00  00 


and  f  is  continuous.  Let  us  define  W  =.11,  .u,  {W(i,a,s.)  a  e  a,} 

1=1  j=l  J  1 

It  is  easy  to  see  that  is  a  refinement  of  U  and  is  a-discrete. 

%  % 

Consequently,  closures  of  members  of  from  a  a-discrete  closed 

refinement  of  .  Hence  the  theorem  is  proved. 


Definition  3.3.1  A  topological  space  X  is  g-fully  normal  iff 
every  open  cover  of  X  has  an  open  a-point  star  refinement. 


Definition  3.3.2  A  topological  space  X  is  screenable  iff  every 
open  cover  of  X  has  a  open  a-disjoint  refinement. 

Definition  3.3.3  A  topological  space  X  is  a-metacompact  iff  every 
open  cover  of  X  has  an  open  a-point  finite  refinement. 


Definition  3.3.4  A  topological  space  X  is  meta-Lindelof  iff 
every  open  cover  of  X  has  an  open  point  countable  refinement. 


Proposition  3.3.1  A  topological  space  X  is  metacompact  iff  it 
is  a-metacompact  and  countably  metacompact. 

Proof.  Let  JJ  =  {U^  |  s  e  S}  be  an  open  cover  of  X  and 

V  =  u  {V^  la  e  A.}  be  an  open  a-point  finite  refinement  of  U  . 
O'  i=l  a  '  1  ^ 


iAriJ  riJ>i/8  X 


anliob  ,n©rfT  .  (y)8  5  ^8  isl  bna  V 
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.qnsmsniisx  7B3a  3nxoq-r)  nsqo  ns  asri  X  lo  tsvoo  asqo  x^sv® 


\fX9V9  1X1  sldsqQsxaa  8±  X  sosqa  I6ox§oloqo3  A 

.JnsOTsnilsx  qniotaxb-D  nsqo  a  aari 


S.g.C  nol3lflll9<I 
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X  lo  X3VOD  nsqo 


Y!f9V9  111  laagmooBlsm-X)  al  X  sosqa  XaalgoIoqoJ  A 
•  Inanisnllsi  sllnll  3nxoq-D  nsqo  ns  aarf 


£  .  £ ,  £  ffolJlnllaO 

X  lo  39VOO  ndqo 


lQX3bnxJ-s39xg  al  X  sosqa  Isolgoloqoq  A  A.£.£  noUlnXlsQ 
« 3xT90i8nll3x  sXcfalnnoo  Inioq  naqo  ns  ssxl  X  lo  "ravoo  nsqo  xncav® 

■  **.  ■ 

31  1^11  3oBqmooB39£ii  al  X  sosqa  Is olgoXoqoq  A  !.£.£  nol3laQ<io:c^ 

,4 

.losqmoosqsiit  yldslnnoo  bns  iOBqaonslsfli-o  8l 

I, 

bfts  X  lo  1SV03  nsqo  ns  sd  {2  3  a  |  ^U}  =  Ij(  3s J  .lop^tq 

.  ^  lo  tnsnisnllsi  93lnll  dnloq-o  nsqo  ns  sd  {,a  3  jol  ^v}  *  -  V 

1  30  I*»l  J' 
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Let  vf  =  u(V^  la  e  a.)  for  each  i  .  Then  {vf}.  ,  is  a 
11  1  1=1 

countable  open  cover  of  X  .  But  X  is  countably  metacompact,  so 

that  by  Theorem  1.4  on  page  142  of  Dugundji  [17],  there  exists  an 

r  T  °° 

open  point  finite  refinement  W  =  {W,}.  ,  such  that  W.  c  V, 

ft-  VI  1=1  1  1 

for  each  i  .  Let  us  define  B.  =  {V^  n  W.  I  a  e  a.}  for  i  =  1,2,..., 

VI  a  1  '  1  >  >  > 

00 

and  B  =  .  It  is  easy  to  verify  that  B  is  an  open  refinement 

of  U  .  Now  we  show  that  B  is  point  finite. 

Let  X  e  X  .  Then  there  are  only  finitely  many  indices 

i, ,...,i  /  .  such  that  x  e  W,  for  i  =  l,...,n(x)  only.  But 
1  n(x)  1^ 

each  jB.  is  point  finite,  so  x  belongs  to  only  finitely  many  members 
of  ^  .  Therefore  is  an  open  point  finite  refinement  of  . 

Hence  X  is  metacompact. 

The  converse  is  obvious. 


Corollary  3.3.1A  A  a-paracompact  (or  F^-screenable)  and  cr-metacompact 
space  is  metacompact. 


Proof.  Follows  from  Proposition  3.1.4,  Corollary  3. 2. IB  and 
Proposition  3.3.1. 


Corollary  3. 3. IB  A  topological  space  is  countably  metacompact  iff 
every  a-point  finite  open  cover  has  an  open  point  finite  refinement. 


Remark  3.3.1  Proposition  3.3.1  can  also  be  found  in  Kljushin  [30] 


and  Greever  [21]. 


B  el 
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Proposition  3.3.2  Let  X  be  metacompact  and  a-paracompact .  Then 
every  open  cover  of  X  has  a  a-locally  finite  closed  refinement. 


Proof .  It  is  enough  to  show  that  every  point  finite  open  cover 
^={U^|seS}  of  X  has  a  a-locally  finite  closed  refinement. 
Since  X  is  metacompact  and  a-paracompact  there  exists  a  countable 

oo 

family  open  covers  of  X  with  the  property  that  for 

each  i  ,  refines  U  and  is  point  finite.  Furthermore,  for 

each  X  £  X  there  is  i  such  that  St(x,V.  )  U  for  some 

X  ^1 

X 

U  e  ^  .  Let  us  define  for  each  i  =  1,2,...  and  s  £  S  ,  W(s,i)  = 


{x  £  X  I  St(x,V.)  c  u  } 

s 


W(s,i)  is  closed  for  each  i  and  s 
For,  if  y  is  a  limit  point  of  W(s,i)  the  open  neighborhood 


0^  =  n  (V  £  I  y  £  V)  of  y  has  a  non-empty  intersection  with 
W(s,i)  which  inplies  y  £  W(s,i)  and  therefore  W(s,i)  is  closed 
in  X  .  Let  us  define  =  {W(s,i)  |  s  £  S}  for  each  i  .  is 

locally  finite,  because  if  x  £  X  ,  0^  =  n  (V  £  x  £  V)  is  an 

open  neighborhood  of  x  which  does  not  intersect  more  then  finitely 
many  members  of  .  For  if  0^  intersects  infinitely  many  members 

of  then  x  will  be  contained  in  infinitely  many  members  of  U 

which  contradicts  the  fact  that  is  point  finite.  It  is  now 

OO 

easy  to  see  that  )i^  =  is  a  required  a-locally  finite  closed 

refinement  of  . 


Corollary  3.3.2A  Every  metacompact  and  a-paracompact  space  is 

F  -screenable. 
a 
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Proof .  Follows  from  Proposition  3.3.2  and  Theorem  3.2.6. 


Corollary  3.3.2B  Every  compact  (or  Lindelof)  a-paracompact  space 

is  F  -screenable. 
a 

■f 

Theorem  3.3.3  If  X  is  a  regular  metacompact  space  in  which  every 

closed  set  is  a  set,  then  X  is  F  -screenable. 

6  ’  a 


Proof .  Let  be  an  open  cover  of  X  and  V  be  an  open  point 


finite  refinement  of  U  .  Let  be  the  set  of  all  points  of  X 

each  of  which  belongs  to  exactly  one  member  of 


such  that  V  n  ^  (f)  let  us  define  R^(V)  =  V  n 


For  each  V  £  V 

0. 


It  is  easy 


to  verify  that  {R^(V)  |  V  £  V  and  V  n  (J)}  is  a  discrete  collection 

and  M,  =  u  (R,  (V)  |  V  £  and  V  n  M.,  b)  .  M,  is  closed  so 

00  1  1 

M,  =  .n^  G,  ,  where  G  is  open  in  X  for  each  i  .  Let  M„  be 

the  set  of  all  points  of  X  each  of  which  belongs  to  exactly  two 
members  of  and  let  K2={g:g  =  hnk  for  h  k  and 

h,k  £  u  {g|^}  for  each  i  .  If  p  £  X  -  then  p  belongs  to 


at  least  two  members  of  V 


Hence  K„  covers  X  for  each  i 
'1)2 

1 


Now,  if  p  £  then  p  belongs  to  exactly  one  member  of  for 

00  1 

i  as  ,n,  G,  =  M-  .  Let  us  denote  by  M„ ,  the  set  of  all 

D  1=1  1  1  2i 


some 


X  £  M2  which  are  exactly  in  one  member  of  K2  and  hence  not  in 


G,  .  It  is  clear  that  M- 
1  2 


.u,  M„,  .  Now  as  before  let  us  construct 

1=1  2i 


R  (Y)  =  V  n  .  for  V  £  K  and  for  each  i  .  We  can  easily  verify 

^  iX.  ^ 

* 

that  for  each  i  the  collection  {R2j^(V)  |  V  £  K^,  V  n  ^ 


2i 


is  discrete,  and  u(R.,_,  (V)  |  V  £  K^,  V  n  M2^  ^  for  each  i  . 


2i 


2i 


R.E.  Model,  A  note  on  subparacompact  spaces,  Proc .  Amer.  Math.  Soc., 
25(1970),  842-845. 
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For  n  >  2  ,  let  be  the  set  of  all  points  belonging  to  exactly 

1  n-1 

n  members  of  V  ,  let  D  ^  =  .U-  M.  .  D  ,  is  closed  so 

'V'  n-1  i=l  1  n-1 

00  n— 1 

D  ,  =  ,n  G,  where  G,  is  open  in  X  for  each  i  .  Let  us 
n-1  1=1  1  1  ^ 


def 


ine  K^=  {g  |g  =  ,n  h,  ,  h,  ?^h,  for  i  ^  j,  h.  e  for 

n  <=  I  o  11  j  ’  1  % 


,n-l 


i  =  l,...,n}  u  {G,  }  .  Let  us  denote  by  M  ,  the  set  of  x  e  M 


ni 


n 


which  are  exactly  in  one  member  of  .  It  is  clear  that 

n 

00 

M  =  u,  M  ,  and  as  before  for  each  i  ,  we  define 
n  n=l  ni  ’ 


R  .  (V)  =  V  n  M  .  for  V  e  and  for  V  n  ?^  <})  . 

ni  ni  n  ni 


00  00 

We  can  easily  see  that  X=M-  u  (.u„  ,u^  M..)  and 

1  j=2  1=1  ji 

=  {R  (V)  I  V  6  V^,  V  n  M  (J)}  u  .u  .u  {R.  .  (V)  |  V  e  K^,  V  n  M.  .  <\)} 

is  a  a-discrete  refinement  of  ^  .  But  X  is  regular,  so  we  can 
conclude  that  every  open  cover  of  X  has  a  a-discrete  closed  refine¬ 
ment.  Hence  the  theorem  is  proved. 


Theorem  3.3.4  A  countably  metacompact  space  X  is  a-fully  normal 
iff  it  is  screenable. 

Proof .  A  screenable  space  is  obviously  a  a-fully  normal  space. 

Conversely,  let  X  be  a  countably  metacompact  and  a-fully 
normal  space.  Let  U  =  {U^  [  s  e  S}  be  an  open  cover  of  X  and 

00  j 

V  =  ,u,  V,  ,  where  V,  =  {V  a  e  a  }  be  an  open  a-point  star 

V  i=i  vi  ’  *^^1  a  '  i  f  c 

refinement  of  U  .  Let  us  denote  by  vf  =  u  (V^  la  e  a.)  for  each 

^  1  a  ‘  1 

// 1  °° 

1  .  Clearly  ^  countable  open  cover  of  X  .  Since  X 

is  countably  metacompact,  there  exists  an  open  point  finite  refinement 
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{W . } .  T  such 

1  1=1 

that  W,  c  vf  for  each 
1  1 

i  .  Now,  let 

us  define 

a 

1  a  £  A^}  .  Obviously 

>  1 

00 

1  =  .  U,  R.  is 

an  open 

refinement 

of 

U  and  for  each  x  e 

V 

X 

there  exists  a 

finite 

collection 

U 

s 

, . . . ,U  of  members 

1  s 

of 

U  such  that 

V 

every  member 

i  n 

of  ^  which  contains  x  belongs  to  one  of  them.  Now,  by 


Theorem  1  of  Worrell  [58]  X  is  metacompact  and  finally  by  Theorem  6 


of  Heath  [24],  X  is  screenable. 


Corollary  3.3.4A  A  a-paracompact  (or  F^-screenable)  space  is 


screenable  iff  X  is  a-fully  normal. 


Proof.  Follows  from  Proposition  3.1.4  and  Theorem  3.3.4. 


Definition  3.3.5  A  topological  space  X  is  called  weakly  collection- 


wise  normal  iff  for  every  discrete  family  {C^  |  a  e  a}  of  closed  sets 

there  exists  a  point  finite  collection  (0^  |  a  g  a}  of  open  sets 

such  that  for  each  a  e  a  C  c  0  and  0  nC„  =  (j),  if  a  ^  ^  . 

a  a  a  3 


Proposition  3.3.5  Every  weakly  collectionwi se  normal  F^-screenable 


space  is  metacompact. 


Proof.  Let  U  =  {U  s  e  S}  be  an  open  cover  of  X  and 
-  vs 

y  =  u  V  ,  where  V.  =  {V^  I  a  e  a.}  be  a  a-discrete  closed 
V  '\>1  a  '  1 

refinement  of  U  .  Since  X  is  weakly  collectionwise  normal,  for 

each  i  there  exists  an  open  point  finite  collection  {O^  |  a  e  a,} 

0(>  1 
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Let  us  denote  by  =  0^  n  U  where  U  e  U  and  is  such  that 

i  °°  f  i  1 

V  c  u  .  Now,  it  is  easy  to  verify  that  .u,  {H  |  a  e  a.}  is  an 
as  1=1  a  '  1 

open  a~point  finite  refinement  of  U  ,i.e.,  X  is  a-metacompact . 
Hence  by  Corollary  3.3.1A,  X  is  metacompact. 


Remark  3.3.2  Every  normal  metacompact  or  collectionwise  normal 
space  is  weakly  collectionwise  normal.  On  the  otherhand  there  are 
collectionwise  normal  spaces  which  are  not  metacompact.  Therefore, 
weakly  collectionwise  normal  spaces  need  not  be  metacompact. 


Proposition  3.3.6 
is  a-paracompact . 


A  screenable  space  X  is  F  -screenable  iff  X 

a 


Proof .  The  necessity  follows  from  Corollary  3.2.1A.  For  sufficiency, 

observe  that  every  screenable  space  is  a-metacompact.  Therefore  by 

Proposition  3.1.4  and  Proposition  3.3.1  a  screenable  and  a-paracompact 

space  is  metacompact.  Now,  finally  by  Proposition  3.3.2  and  Theorem 

3.2.6,  X  is  F  -screenable. 

’  a 


Proposition  3.3.7  Let  X  be  a  a-fully  normal  space  in  which  every 
closed  set  is  a  G  set.  Then  X  is  a-paracompact. 

Q 

00 

Proof.  Let  U  be  an  open  cover  of  X  and  V  =  .u,  V.  be  an 

-  '\i  ^  i=i  '^'1 

open  a-point  star  refinement  of  U  .  Let  us  denote  by 

=  u  (V  I  V  e  V.)  for  each  i  .  Since  every  closed  set  is  a  G.  , 
i  '  I  vi  0 

yi  00  ^ 

set  X  -  V,  =  .n,  G.  ,  where  G.  is  open  in  X  .  Let  us  define 
1  1=1  1  1 
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=  {V  I  V  £  V,}  u  {G^}  for  each  i  and 
^3  1  J 

i 

show  that  the  countable  family  {W,},  ,  , 

'vj  i,j=l 

the  required  property. 


j  .  Now,  it  is  easy  to 
of  open  covers  of  X  has 


Let  A  and  B  be  collections  of  subsets  of  a  set  X  , 

a,  ^  ’ 

and  m  be  any  cardinal  number  >  2  .  B  is  an  m-star  refinement  of 


k  if 

(i)  for 

each  C  c  B 

%  % 

with 

1^1  <  m  and 

n  (C  1  C  £  C)  , 

there 

is  A  £  ^ 

i  such  that 

u  (C  1 

C  £  1^)  c  A  . 

Let 

m  be  any  cardinal 

number  >  2. 

Definition  3.3.6  (Mansfield  [33])  A  topological  space  X  is 
m- fully  normal  iff  each  open  cover  of  X  has  an  open  m-star 
refinement . 


Theorem  3.3.8  (Arhangelskii  [6])  In  a  topolgoical  space  X  ,  the 
following  statements  are  equivalent: 

(i)  X  is  fully  normal; 

(ii)  every  open  cover  of  X  has  an  open  star  refinement; 

(iii)  for  every  open  cover  ^  of  X  there  exists  a  countable 
00 

family  open  covers  of  X  satisfying  the  condition  that  for 

any  x  e  X  there  is  n  and  a  neighborhood  0  of  x  such  that 

X  X 

St(0  ,V  )  c  U  for  some  U  £  U  . 

X  a-n 

X 

Proof.  (i)  =>  (ii)  see  Theorem  3.4  on  page  157  of  Dugundji  [18]. 

(ii)  =>  (iii)  is  obvious. 

(iii)  =>  (i)  see  Theorem  3.7  on  page  169  of  Dugundji  [18]. 
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Thoerem  3.3.9  (A.H.  Stone  [53])  A  topological  space  X  is  Hausdorff 

and  paracompact  iff  X  is  a  fully  normal  and  T^-space. 

Proof.  See  Theorem  3.5  on  page  169  of  Dugundji  [18]. 


Theorem  3.3.10  A  topological  space  X  is  fully  normal  iff  X  is 
2-fully  normal  and  a-paracomapct . 

Proof.  First,  we  show  that  2-fully  normal  and  a-paracompact  space 

is  fully  normal.  Let  be  an  open  cover  of  X  .  Then,  by  the 

00 

a-paracompactness  of  X  there  exists  a  countable  family 
of  open  covers  of  X  satisfying  the  condition  that  for  any 
X  e  X  there  is  n^  such  that  St(x,^^  ^  ^  some  U  e  ^  .  Since 


X 


X  is  also  2-fully  normal  for  each  i  ,  has  an  open  2-star  refine- 

ment  say  .  We  shall  show  that  the  countable  family  ^oJi  i-l 

open  covers  of  X  satisfies  the  condition  that  for  each  x  £  X  there 
is  i  and  a  neighborhood  0  of  x  such  that  St(0  ,y,  )  c  u  for 

X  X  X 

X 

some  U  £  U  . 

a. 


Let  X  be  any  point  of  X  and  n  be  such  that 
°  o 

St(x  ,V  )  <=  U  for  some  U  £  U  .  Let  us  pick  W  £  W  such 
o  ''^n  o  ^n 


that  X  £  W  .  Now,  for  W  e  W  such  that  W  n  W  ^  <h  , 
o  o  '^n  o 

X 
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W  u  W  c  V  for  V  £  V  ,  but  each^such  V  £  V  contains  x 
o  ''^n  ^n  o 

X  X 

o  o 

Consequently,  we  have  St(W^,]i^^  )  c  St(x^,;^^  )  ^  U  for  some  U  £  ;^ 
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X 
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Now,  by  taking  0  =  W  and  i  =  n  we  have  proved  the  claim. 

^  O  X  ^ 

o  o  o 

Hence  by  Theorem  3.3.8,  X  is  a  fully  normal  space. 

The  converse  is  obvious. 

Corollary  3.3.10A  A  topological  space  X  is  Hausdorff  and  para- 
compact  iff  it  is  a  ,  2-  fully  normal  and  a-paracompact  space. 

Remark  3.3.3  In  Hausdorff  2-fully  normal  spaces,  it  is  not  difficult 
to  show  that  a-paracompact,  metacompact  and  meta-Lindelof  properties 
are  equivalent.  This  remark  follows  from  Theorem  3.3.10  and  Theorem 
5.10  of  Maus field  [33]. 

Proposition  3.3.11  Let  X  be  a  T^  ,  a-paracompact  space  in  which 
every  uncountable  set  has  a  limit  point.  Then  X  is  Lindelbf. 

Proof.  Let  U  be  an  open  cover  of  X  .  Then  by  Proposition  3.1.3 

00 

there  exists  a  a-cushioned  closed  refinement  V  =  .u^  V.  of  U  .  If 
every  uncountable  set  has  a  limit  point,  then  is  at  most  a 

countable  collection  for  each  i  .  Now,  it  follows  immediately  that 
U  has  countable  subcover.  Hence  X  is  Lindelbf. 

Corollary  3.3.11A  Every  T^^  ,  a-paracompact  and  countably  compact 
space  is  compact. 

Proposition  3.3.12  Let  X  be  a  T^  ,  a-paracompact  and  hereditarily 
separable  space.  Then  X  is  Lindelbf. 
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Proof .  If  X  is  hereditarily  separable,  then  every  uncountable  set 
has  a  limit  point.  Now  by  Proposition  3.3.11,  X  is  Lindelof. 

Proposition  3.3.13  Let  X  be  a  normal,  screenable  and  a-para- 
compact  space.  Then  X  is  paracompact. 

100 
s  e  S}  be  an  open  cover  of  X  and  V  =  .u,  V. 

VO  'V  1=1  Vl 

where  V.  =  {V^  I  a  e  a.}  be  a  a-dis joint  open  refinement  of  U  .  Then 

using  methods  employed  in  Proposition  3.1.3  we  can  construct 
ooooi  irii 

JjJ  =  ,  where  |  a  e  a^}  is  a  a-discrete  closed 

refinement  of  U  and  for  each  fixed  i  and  any  j  we  have 
i  *  1 

W  c  for  a  e  A.  .  Since  X  is  normal  by  Lemma  1  of  Michael 
a  a  1 

[38],  there  exists  a  a-discrete  open  refinement  of  .  Finally 

by  Kelley  [28]  X  is  paracompact. 

Remark  3.3.4  In  Proposition  3.3.13  normality  cannot  be  replaced  by 
complete  regularity.  See  Example  2  on  page  766  of  Heath  [24]. 

Proposition  3.3.14  Let  X  be  a  weakly  collectionwise  normal,  F^- 
screenable,  connected,  locally  connected  peripherally  separable  space. 
Then  X  is  Lindelof. 

Proof.  Follows  from  Proposition  3.3.5  and  Theorem  4  of  Grace  and 
Heath  [ 22] . 


Proposition  3.3.15  A  completely  regular  space  X  ,  is  a-paracompact 
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and  a  M-space  iff  it  is  a  paracompact  p-space. 

Proof .  If  X  is  a-paracompact  and  a  M-space  then  by  Theorem  6.1  of 
Morita  [41],  Corollary  3.3.11A  and  Theorem  5.2  of  Arhangel’skii  [4], 

X  is  a  paracompact  p-space. 

The  converse  follows  from  Corollary  3.3.10A,  Theorem  5.2  of 
Arhangelskii  [4]  and  Theorem  6.1  of  Morita  [41]. 


Proposition  3.3.16 

G^-diagonal. 


Every  a-paracompact  space  with  G  -diagonal  has 

O 


Proof.  Is  obvious. 


Example  3.4.1 

compact  space. 


There  exists  a  finite  T^-space  which  is  not  a  a-para- 


Example  3.4.2  An  uncountable  space  with  the  cofinite  topology  (in 
which  the  closed  sets  are  the  finite  sets)  is  an  example  of  a  compact 
Tj^-space  which  is  not  a  a-paracompact  space. 

Example  3.4.3  There  exists  a  regular  metacompact  space  which  is  not 
a  a-paracompact  space. 

Let  denote  the  first  uncountable  ordinal  and  let 

X^  =  {a  I  a  <  with  the  discrete  topology  except  at  .  Let  the 

topology  at  be  the  ordered  topology.  Let  ^2  denote  the  least 


.ee 
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ordinal  such  that  if  X2  =  (6  |  6  <  cardinality  of  X2  is 

greater  than  the  cardinality  of  X^  •  Let  X2  have  discrete  topology 
except  at  ^^2  •  the  topology  at  ^2  the  ordered  topology. 

Let  X  =  X^  ^  X2  -  with  the  product  topology. 

It  is  easy  to  see  that  X  is  completely  regular  because 
there  is  a  base  for  the  topology  of  X  which  consists  of  sets  which 
are  at  the  same  time  both  open  and  closed.  We  now  show  that  X  is 
metacompact . 

Let  U  be  an  open  cover  of  X  and  let  V  =  {V(a,3)  I  (a, 3)  e  X} 

%  'v  ' 

denote  the  following  refinement  of  : 


(a) 

if 

a  ^ 

3 

*  ^2 

,  let  V(a,3)  = 

(a, 3)  ; 

(b) 

if 

a  = 

3 

*  «2 

,  let  W(f2^,3) 

denote 

an 

element 

of 

containing 

and 

let 

V(fi^,3)  =  {(V,3) 

1  1  <  Y 

< 

n 

W(fi^,3) 

• 

5 

(c) 

if 

a  ^ 

3 

,  let  W(a,n2) 

denote 

an 

element 

of  U 

containing 

and 

let 

ViayO,^)  =  {(a,Y) 

1  1  <  Y 

< 

^2  ^ 

W(a,fl2)  •  Clearly,  V  is  an  open  cover  of  X  refining  U  .  More¬ 
over,  each  point  of  X  belongs  to  atmost  three  points  of  ^  .  Hence 
X  is  metacompact.  Now  it  remains  to  show  that  X  is  not  a-para- 
compact,  for  which  inview  of  Corollary  3.3.2A  it  will  be  enough  to 

show  that  X  is  not  F  -screenable. 

a 

Let  U  =  {U(a,3)  I  (a, 3)  is  of  the  form  (fi  ,3),  (a,J]„)  or 
'Xi  j.  z 

(^^^,^2)}  ,  define 

(i)  if  a  =  ,  3  U(a,3)  =  {(y,3)  I  1  <  Y  <  ; 
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and 


(ii)  if  a.  ^  3  =  ^2  >  U(a,3)  =  {(a,Y)  |  1  <  Y  <  ^2^ 


(iii)  if  a  =  3  =  ^^2  »  U(a,3)  =  {(a, 3)  e  X  |  either 


a  =  or  3  =  ^2^  • 


00 

Suppose  there  exists  a  a-discrete  closed  refinement  V  =  .u,  V.  , 

where  V,  =  {V^  la  e  a,}  for  each  i  ,  of  U  .  For  each  U  e  U 
0.1  a  1  ’a.  o 

of  type  (i)  there  exists  i  such  that  I vf  n  u|  = ,  where 

J  1 

V.  =  u  (V^  I  a  €  A.)  .  This  implies  that  the  member  (x,y)  of  V, 

J  J  1 

such  that  X  =  is  a  limit  point  of  n  U  ,  hence  some  member 

of  contains  all  except  countably  many  points  of  n  U  .  There¬ 
fore  for  some  j  and  some  subcollection  of  V.  having 


cardinal  vK'  2  it  is  true  that  if 


belongs  to  vl'  then  some 
a  ^1 


element  of  ^  of  type  (1)  contains  ^  points  of  .  Since 

shows  that  for  some  a  <  it  is  true  that  „ 

2  >  1  o  1  2 


elements  of  V.  contains  (x,y)  such  that  x  =  a 

o 


Hence  every 
1 


neighborhood  of  (a  intersects  „  members  of  V.  which 

o  Z  Z  ’ 


is  a  contradiction. 


Example  3.4 « 4  There  exist  a  perfectly  normal  F^-  screenable  spaces 

which  are  not  metacompact. 

Example  4  of  Bing  [11]  is  a  perfectly  normal  space  which 
is  a  countable  union  of  closed  metrizable  spaces,  therefore  by 
Proposition  3.2.4,  X  is  F^-screenable .  But  by  Michael  [37],  X 


is  not  a  metacompact  space. 


.  \  c 


•  >  Y  i  1  •  (8»»)U  t  =  8  ^  o  51  (11) 
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^rd  9d:o59d9rfd  ,  aoDBqa  aldaslddsm  bsaolo  5o  nolnu  sldBdnnoo  b  ai 
X  ,[V£]  IsBriolM  yd  dufi  .sldBnssdoa-^-a  el  X  ,A.S.£  noldlaoqoi^I 
s  .sDBqa  dOBqniooBdsnr  b  don  al 


Example  3.4.5  There  exists  a  perfectly  normal,  F^-screenable  and 
metacompact  space  which  is  not  paracompact. 


See  Example  2  of  Michael  [37]. 
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CHAPTER  IV 


SEMI-METRIC  SPACES 


Apparently,  little  attention  was  given  to  the  study  of 
semi-metric  spaces  before  F.B.  Jones  began  a  systematic  study  of  them 
[27].  One  should,  of  course,  note  the  work  done  by  Frechet  [20],  and 
Wilson  [57]  •  Recently,  several  other  mathematicians  became  involved 
in  this  field. 

In  Section  1,  we  list  some  of  the  simple  well-known  properties 
of  semi-metric  spaces  and  give  several  characterizations  of  semi- 
metrizable  spaces. 

In  Section  2,  we  give  various  mapping  theorems  for  semi¬ 
metric  spaces. 

Definition  4.1.1  A  T^-space  X  is  a  semi-metric  space  iff  there 
exists  a  non-negative  real  valued  function  d  on  X  x  X  such  that 
for  any  (x,y)  £  X  x  x 

(1)  d(x,y)  =0  if  X  =  y  ; 

(2)  d(x,y)  =  d(y,x)  ; 

and 

(3)  for  any  A  c  x  ,  x  £  A  iff  inf  {d(x,y)  |  y  £  A}  =  0  . 

For  each  x  £  X  and  positive  nubmer  £  >  0  ,  we  shall 
always  denote  the  set  {y  |  d(x,y)  <  e}  by  S(x,£)  and  shall  call 
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X  X  X  3  (x«x)  ynfi  loi 
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«  <3 
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L’’  ^ 


;  y  =  X  il  0  =  (y,x)b  (I) 
;  (x,y)b  =  (y,x)b,.  (S) 


bns 
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S(x,e)  the  sphere  of  radius  e  about  x  . 

Remark  4.1.1  There  exists  a  regular  semi-metric  space  for  which  there 
is  no  semi-metric  under  which  all  spheres  are  open.  See  Heath  [25]. 

Proposition  4.1.1  Let  (X,d)  be  a  semi-metric  space.  Then,  for  each 

X  €  X  and  any  positive  number  e  >  0  ;  x  e  int  (S(x,e))  . 

Proof .  Let  e  >  0  be  given.  If  A  =  X  -  S(x,e)  ,  then  d(x,A)  >  0  , 
so  X  ^  A  .  Then  x  e  X  -  X  <=  S(x,e)  ,  so  that  x  e  int  (S(x,e))  . 

Proposition  4.1.2  Let  (X,d)  be  a  semi-metric  space.  If  A  (x)  = 

- * -  m,n 

{z  £  X  I  S(z,m)  c  S(x,n)}  ,  then  A  (x)  c  S(x,n)  for  fixed  m  and 

m,n 

n  . 

Proof.  Let  y  be  a  limit  point  of  A  (x)  then  there  is  x  €  A  (x) 
-  m,n  o  m,n 

such  that  x^  £  int(S(y,m))  c  S(y,m)  ,  i.e.,  y  £  S(x^,m)  .  But 

S(x  ,m)  c  S(x,n)  ,  implies  y  e  S(x,n)  .  Hence  A  (x)  c  S(x,n) 
o  ^  m,n 

for  fixed  m  and  n  . 

Proposition  4.1.3  If  (x,d)  is  a  semi-metric  space,  then  X  has 
a  a-cushioned  paired  network. 

Proof.  For  each  x  £  X  and  any  positive  integer  n  let  us  define 

y  =  {S(x,.-^)  I  X  £  X)  , 

■\/n  n 

S^^x;  -  ,  -)  =  {z  £  X  I  S(x,  -)  c  S(x,  -)} 
n  m  m  n 


.  X 
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and  finally 


V 

n,in 


{(S^^(x;  —  ,  — S(x,  — ))  I  X  e  X} 
n  m  n  ' 


for  m  >  n  .  We  shall  show  that  for  each  fixed  n  and  arbitrary  m 
the  collection  V  is  cushioned;  i.e.,  we  want  to  show  that  for 
arbitrary  Ac  X , 


— )  I  X  e  A)  c  u(S(x,  — ) 
m  n 


X  e  A) 


Let  t  e  u(S^^ 

(x;  ^  ,  b  1 

X  e  A)  . 

Then 

has  non-empty 

inter- 

section  with 

^A;n,m 

u(S^\x;  ^ 

,  ^)i 

X  £  A)  . 

Now  if 

X  e  M,  n 

o  A;n,m 

S(t,  h  . 

m 

then  t  € 

S  (x 

o 

> 

since 

S(x^,  h  c  S( 
o  m 

lx 

X,  — ;  ,  we 
n 

find  that 

t  6 

u(S(x,  ^)) 

.  Since  A 

is  an 

arbitrary  subset  of  X  ,  it  is  proved  that  jjj  is  a  cushioned 

collection  for  each  fixed  n  and  m  >  n  .  Finally,  we  shall  show  that 
00  00 

V  =  u,  U  V  is  a  paired  network  for  X  . 
n=l  m>n  '>jn,m 


Let  U  be  an  open  subset  of  X  containing  x  .  Since 


(X,d)  is  a  semi-metric  space,  there  is  n  such  that  x  e  S(x,  — )  c  u 

^  n 

X 

Now,  for  each  m  >  n  we  have  x  e  S^\x;  —  ,  — )<=  S(x,  — )  c  u  . 

’  =  X  n  m  n 

X  X 


Hence  the  proposition  is  proved. 


The  proof  of  the  next  Theorem  4.1.4  follows  exactly  on  the 
same  lines  as  Theorem  4.5  of  Arhangelskii  [4J.  But  for  the  sake  of 
completeness,  we  give  the  proof. 
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Theorem  4.1.4  A  regular  space  X  is  a  seml-metrlc  space  iff  it 
is  first  countable  and  has  a  a-cushioned  paired  network. 

Proof.  Necessity  of  the  conditions  is  obvious  from  Proposition  4.1.1 
and  Proposition  4.1.3. 

We  shall  show  that  the  conditions  are  sufficient.  Let 

00 

{V^(x)}^_^  be  an  open  countable  neighborhood  base  at  x  ;  without 

loss  of  generality  we  assume  that  V  (x)  c  V  (x)  for  all  n  >  m  . 

n  m 

00 

Let  W  =  u,  W  be  a  a-cushioned  paired  network  for  X  ,  where 
n=l  ^-n 

^n  ~  ^  ^  ^  ^n^  each  n  ,  is  a  paired  cushioned 

collection.  Let  us  now  define 

=  u  (W^T  I  n  <  k,  a  e  A  and  x  jt  W^„) 

X  ai  I  =  ’  n  aZ 

U^(x)  =  V^(x)  -  (k  =  1,2,...) 

N(x,y)  =  max  (n  :  (U^(x)  n  U^(y))  u  {y})  ^  <i)} 

and 

d(x,y)  =  for  all  x,y  in  X  . 

N(x,y) 

It  is  obvious,  that  d(x,y)  =  d(y,x)  .  If  x  =  y  ,  then 

N(x,y)  =  «>  and  so  d(x,y)  =  0  .  If  d(x,y)  =  0  ,  then  either 

V  e  U  (x)  c  V  (x)  for  an  infinite  set  of  values  of  n  ,  or  vlce- 
n  n 

versa.  This  is  possible  only  if  x  =  y  . 

We  now  show  that  d  is  a  semi-metric  for  X  .  Let  M  be 
a  subset  of  X  and  x^  be  any  point  of  X  such  that  x^  ^  M  .  By 
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the  regularity  of  X  there  is  n  such  that  V  (x  )  n  M  =  d)  .  Now 

o  n  o  ^ 

o 

‘  ^1  ^1  - 

let  us  choose  n.  such  that  xeW  cW  cX-M.  We  claim 

1  o  C.2 


that  d(x  ,M  )  > 


=  max 


7 - ;  l.e.  for  any  y  e  M  ,  N(x  ,y  )  < 

(n.  ,n  -)  -^o  0  -^0  = 

1  o 


max  (n^ ,n  )  .  We  know  that  U  (x)cV  (x)cX-M  cX-y  ,  and 
1  o  n  o  n  o  -^o 

o  o 

n  n 

on  the  otherhand  U  (y)cV  (y)-M  cV  (y)-W  cV  (y)-x 

n^  o  111  o  y  n-  ■'o  a-  n.  -^o  o 

1  1  -^o  1  11 

Hence  for  n^  >  max  (n  ,0, ) ,  (U  , (y  )  n  U  ,(x  ))  n  ({x  }  u  {y  })  c 

Ol  'l  O  lo  o  o 

n  n 

(U  (x  )  n  U  (y  ))  n  ({x  }  u  {y  })  =  cf)  ,  i.e., 

no  n^  o  o  o 

o  1 

N(x  ^y  )  <  max  (n  ,n. )  which  proves  our  claim  that  d(x  )  >  0  . 
o  o  =  o  1  o 

Suppose  M  is  a  subset  of  X  and  x^  is  a  point  of  X 

such  that  d(x  ,M)  >  0  .  We  claim  that  x  M  .  Let  d(x  ,M)  =  e 

o  o  o  o 

Let  us  choose  n  a  positive  integer  such  that  n  >  ■—  .  The  set 

o 

n 

M  is  a  closed  set  not  containing  x  .  Consequently,  by  the 
o 

regularity  of  X  there  is  a  neighborhood  ^o  disjoint 

n  ^  ^ 

from  M  .  Then  for  n  >  max  (n  ,n, )  we  have  Vi(x)c;V  (x)- 
X  o  1  1  o  n  o 

o  no 

n 

M  °  =  U  (x  )  .  But  if  y  e  U  (x  )  then  N(x  ,y)  >  n  ,  and 
X  n  o  •'no  o  =  o 

o  o  o 

d(x  ,y)  =  „ — r  <  ~  <  e  so  that  U  (x  )  n  M  =  d)  .  Hence 

O''  N(x  ,y)  =  n  o  no 

o  o  o 

d  is  a  semi-metric  for  X  . 


Remark  4.1.2  Recently,  Theorem  4.1.4  has  been  stated  in  Kofner  [31]. 


Proposition  4.1.5  In  a  T^  semi-metric  space  X  every  closed  set 
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is  a  G.  set  and  X  has  a  G ^-diagonal. 

0  0 

Proof .  Follows  from  Proposition  4.1.3,  Proposition  2.1.2  and 
Corollary  2.1. 3A. 


Proposition  4.1.6  If  X  is  a  space  with  a-cushioned  paired  net¬ 


work  then  it  is  F  -screenable, 

a 


Proof .  Let  =  {U^  |  a  e  a}  be  an  open  cover  of  X  and  let  a  be 

00 

well  ordered  by  <  .  Let  JjJ  =  be  a  a-cushioned  paired  network 

for  X  ,  where  JjJ  =  ^  ^  ^  ^n^  each  n  is  a  paired 

cushioned  collection.  Let 


for  a  €  A.  and  i  =  1,2, 
1 


Further  for  each  i  ,  define  W  ,  =  h(U.  .)  and  for  a  >  1  , 

.iL  1  ^  1 

V  .  =  h(U  -  u(U„  I  3  e  A  3  <  ot)  •  For  each  a  e  a  and  each  i  , 

ai  a,i  3 

V  ,  is  a  closed  subset  of  X  .  Let  x  e  X  .  Let  y  be  the  first 
ai 

member  of  a  such  that  xeU  .  If  3>Y,  then  U  n  V„ .  =  <J)  . 

y  ^  y  3i 

If  3  <  y  ,  then  V. .  c  h (U  )  c  h (  (U  |  a  e  a ,  a  <  y ) , i)  c 

31  P  5  1  ^ 

u(U  I  a  e  I,  a  <  y)  .  Since  u(U  |  a  e  a,  a  <  y)  does  not  contain 


X  ,  U  n  [X  -  h(u(U  I  a  e  A,  a  <  y),i)]  is  an  open  subset  of  X 
Y  a 

containing  x  which  intersects  ,  only  if  a  =  y  .  Therefore 

V  =  {V  1  a  e  a}  is  a  discrete  collection  of  closed  sets.  Now  we 
^i  ai  ' 

00 

need  to  show  that  V  =  .U,  V.  is  a  cover  of  X  .  Since  W  is  a 

a-cushioned  paired  network  there  is  k  such  that  x  e  h(U^,k)  and 

therefore,  x  e  V  ,  =  h(U  ,k)  -  u(U  |  a  e  a,  a  <  y)  and  is  a 
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cover  of  X  .  V  is  a  refinement  of  U  is  obvious.  Hence  X  is 

^  % 

F  -screenable. 

o 

An  immediate  consequence  of  Proposition  4.1.6  is  that  every 
semi -metric  space  is  F^-screenable .  This  was  first  proved  by 
McAuley  [34]. 

Theorem  4.1.7  A  T^-space  X  is  semi-metric  iff  there  exists  a 

00 

countable  family  symmetric  subsets  of  X  x  X  satisfying" 

(a)  =  A  ; 

00 

(b)  for  X  £  X  ,  forms  a  base  for  the 

neighborhood  system  at  x  . 


Proof .  Let  (X,d)  be  a  semi-metric  space.  Then  let  us  define 
by  =  { (x,y)  £  X  x  x  |  d(x,y)  <  for  each  i  .  Now  it  is  easy 


00 

see  that  the  ccmntable  family  subsets  of  X  x  X  has 

the  required  properties. 


Conversely,  let  us  assume  that  there  exists  a  countable 
family  symmetric  subsets  of  X  x  x  satisfying  the 

required  properties.  Let  us  assume  that  c  for  each  i  . 

Now  we  define  a  real  valued  function  d  :  X  x  x  R  by  setting: 


and 
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iff 
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£  V. 

1 

for 

all 

i  ; 
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^  ''i 
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i  ; 
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It  is  easy  to  see  that  d(x,y)  =  d(y,x)  and  d(x,y)  =  0 
iff  X  =  y  .  Suppose  C  is  a  closed  subset  of  X  and  x  e  X  -  C 


Then  by  (b)  there  is  n  such  that  V  [x  ]  c  X  -  C  .  Now  for  each 

o  no 

o 

y  €  C  ,  it  is  easy  to  see  that  d(x  ,y)  >  —  ,  for  if 

o  =  n 

o 

d(x  ,y)  <  .  Then,  by  the  definition  of  d  we  have  y  e  V  [x  ] 

o’-'  n  ’  ^  n  o 

o  o 

a  contradiction,  i.e.,  if  C  is  closed  and  x  i  Q,  then 

o 

d(x^,C)  ^  0  .  Furthermore,  suppose  that  C  is  a  subset  of  X  and 
d(x  ,C)  =  e  0  .  Let  n  be  a  positive  integer  such  that  e  >  — 


n 


Then,  it  is  easy  to  verify  that  n  C  =  (J)  .  Consequently, 

X  C  .  Hence  d  is  a  semi-metric  for  X  which  proves  the 
o 

theorem. 


In  addition  C.C.  Alexander  [2]  announced  the  following 
interesting  theorem. 

Theorem  4.1.8  Let  X  be  a  T^-space.  Then  X  is  a  semi-metric 

00 

space  iff  there  exists  a  countable  family  covers 

(not  necessarily  open)  of  X  such  that  the  following  conditions 
are  satisfied. 

(a)  V,.,  refines  V.  for  each  i  ; 

^i+1  ^1 

00 

(b)  for  each  x  e  X  ,  {St(x,V.)},  ,  is  a  base  for 

1=1 

the  neighborhood  system  at  x  . 

Proof.  Is  obvious. 


Theorem  4.1.8  suggests  the  following  definition: 


a  |»-i 
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Definition  4.1.2  A  topological  space  X  is 
iff  there  exists  a  countable  family  of  covers 
necessarily  open)  of  X  satisfying: 


a  semi-strict  p-space 


{y.}.  ^  (not 
'vi  1=1 


oo 

(1)  A  =  .n^  St(x,V,)  is  a  compact  set  for  x  e  X  ; 

X  1=1  'Vi 

00 

(ii)  the  family  {St (x,V^) is  a  base  for  the  open 
sets  containing  A^  for  each  x  e  X  . 


Theorem  4.1.9  A  T^-space  X  is  a  semi-metric  space  iff  it  is  a 
semi-strict  p-space  and  has  a  G^-diagonal. 


Proof .  Necessity  follows  from  Proposition  3.3.15  and  Theorem  4.1.8. 


We  now  prove  the  sufficiency  part.  Since  X  has  a  G^- 

.  OO 

diagonal  there  exists  a  countable  family  open  covers 


of  X  such  that  for  each  x  e  x  ,  .n.  St(x,W.)  =  {x}  .  Also  X 

1=1  '^i 

00 

a  semi-strict  p-space,  so  there  exists  a  countable  family 

of  covers  of  X  satisfying  conditions  (i)  and  (ii)  of  Definition  4.1.2. 

Without  loss  of  generality  we  may  assume  that  refines  W^ 

and  V  ,  refines  V,  for  each  i  =  1,2,...  .  Let  us  define 
^i+1  ^1 

Tj  =  v  AW  =  {VnW|VeV,  and  W  e  W. }  for  each  i  . 

'Vi  %i  0/1  '  'Vi  0.1 


Now  it  is  easy  to  see  that  the  countable  family  ^i^i^i=i 
of  covers  of  X  satisfies  the  conditions  (a)  and  (b)  of  Theorem  4.1.8. 
Hence  X  is  semi-metrlzable . 


Definition  4.2.1  A  topological  space  X  is  said  to  be  point 
countable  type  iff  each  x  e  X  is  contained  in  a  compact  set  of 
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countable  character. 

Theorem  4.2.1  Let  f  :  X  Y  be  a  continuous  and  closed  mapping  of 

a  regular  semi-metric  space  X  onto  a  completely  regular  space  Y  . 
Then  Y  is  a  semi-metric  space  iff  Y  is  point  countable  type. 

Proof .  Let  f  :  X  ->■  Y  be  a  continuous  closed  mapping  of  a  semi¬ 
metric  space  X  onto  a  completely  regular  space  Y  which  is  point 
countable  type.  By  Proposition  4.1.3  and  Proposition  2.1.8,  Y  has 
a-cushioned  paired  network.  Now  in  view  of  Theorem  4.1.4,  we  need  only 
show  that  Y  is  first  countable.  Let  y  e  Y  be  any  point,  then  by 

Proposition  2.2.1,  there  exists  open  sets  {V  such  that 

y  1—1 

00  i  i+1  i 

y  =  and  ^  .  Since  Y  is  point  countable  type,  there 

is  a  compact  set  F  such  that  y  e  F  and  F  is  of  countable 

y  _  y  y 

character.  Let  Q.  =  n  F  .  The  sets  Q.  ,  i  =  1,2,...  ,  are 

1  y  y  1 

oo 

open  in  F^  and  “  i-y-^  •  But  F^  is  compact  implies  y  is 

of  countable  character  in  F  .  Now  y  is  of  countable  character 

y 

in  F^  and  F^  is  of  countable  character  in  Y  .  Applying 
Proposition  3.3  of  Arhangelskii  [5]  y  is  of  countable  character 
in  Y  .  Since  y  is  an  arbitrary  point  of  Y  .  We  have  shown  that 
Y  is  first  countable.  Hence  by  Theorem  4.1.4,  Y  is  a  semi-metric 
space . 

The  converse  follows  from  the  fact  that  every  first  countable 
space  is  point  countable  type. 


Proposition  4.2.2  Let  X  be  a  normal  a-paracompact  space,  Y  a  locally 
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compact  (or  first  countable)  T^^-space  and  f  :  X  ->■  Y  continuous  and 
closed.  Then  the  boundary  of  f  ,  denoted  by  3f  ^y  ,  is  compact. 

Proof .  By  Theorem  2.1  and  Corollary  2.2  of  Michael  [39]  9f  ^y  is 
countably  compact.  Since  3f  ^y  is  a  closed  subset  of  X  and  X 
is  a-paracompact ,  3f  ^y  is  a-paracompact  by  Corollary  3.1.6B. 

Finally,  9f  ^y  is  compact  by  Corollary  3.3.11A.  Hence  the 
proposition  is  proved. 

In  view  of  the  preceding  results,  the  following  makes  an 
attractive  conjecture. 

Conj ecture .  Let  f  be  a  closed  continuous  mapping  of  a  normal  semi¬ 

metric  space  X  onto  a  regular  space  Y  .  Then  the  following  are 
equivalent : 

(a)  Y  is  first  countable; 

(b)  for  each  y  e  Y  ,  3f  ^y  is  compact; 

(c)  Y  is  a  semi-metric  space. 

Proposition  4.2.4  Let  X  be  a  regular  topological  space  and 
f  :  X  Y  be  a  perfect  mapping  of  X  onto  a  semi-metric  space  Y  . 
Then  X  is  a  a-paracompact  semi-strict  p-space. 

Proof.  In  view  of  Theorem  3.2.7  and  Corollary  3.2.1A,  it  is  enough 
to  show  that  X  is  a  semi-strict  p-space. 


Since  Y  is  a  semi-strict  p-space  by  Theorem  4.1.8  there 
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-  •! 

exists  a  countable  family  iV.}.  ,  of  covers  of  Y  such  that 

^  "^1  1=1 

i St is  a  base  for  the  neighborhood  system  at  y  .  Let 

us  define  =  { f  |  V  e  for  i  =  1,2,...  .  Now  for  each 

00  — 

X  e  X  ,  it  is  easy  to  see  that  St(x,)^^)  =  f  y  where  y  =  fx  . 

00 

Now  it  remains  to  show  that  {St(x,W,)  .  _  is  a  base  for  the 

1-1 

neighborhood  of  f  ^y  .  Let  U  be  an  open  set  containing  f  ^y  . 
Since  f  is  closed  0  =  Y  -  f(X  -  U)  is  an  open  set  in  Y  contain- 
ing  y  and  such  that  f  0  c  u  .  Because  {St (y is  a 
base  for  the  neighborhood  system  at  y  we  have  St(y,^^)  c  0  for 
some  i  .  Now  by  the  continuity  of  f  ,  f  ^(St(y,V^))  is  a 
neighborhood  of  f  ^y  contained  in  f  ^0  c  u  .  But  f  ^S(y,^^)  = 
St(x,)^^)  for  X  e  f  y  ;  so  iSt  (x,jl^^)  is  a  base  for  the  open 

sets  containing  f  ^y  where  y  =  fx  .  Hence  the  proposition  is 
proved. 

Definition  4.2.2  A  continuous  mapping  f  :  X  Y  is  called  a  weak 
W-mapping  for  an  open  cover  W  of  X  iff  for  each  point  y  e  Y  , 
f  ^y  is  contained  in  some  member  of  W  . 

Theorem  4.2.4  In  order  that  a  space  X  be  contractible  to  a 

Hausdorff  semi-metric  space,  it  is  necessary  and  sufficient  that  there 

00 

exists  a  countable  family  of  open  covers  ^  satisfying 

the  following  conditions: 

(a)  St(x,;^^)  =  {x}  for  x  e  X  ; 

(b)  for  every  there  exists  a  weak  V^-mapping 

f  :  X  ->■  R  on  X  into  a  Hausdorff  semi-metric  space  R.  . 
i  i  1 
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Proof .  The  necessity  of  the  conditions  is  obvious. 


For  sufficiency,  let  us  define  a  function  f  :  X  ->■  f(x)  <=  n 

i=l 

00  °° 

where  f (x)  =  {f.(x)},  -  e  IT  R.  .  Clearly,  f  is  continuous  and 

1  1=1  i=l  1 


f(X)  being  a  subset  of  a  semi-metric  space  is  a  semi-metric 

space.  We  need  only  show  that  f  is  one  to  one.  Let  f(x)  =  f(y)  . 

Then,  f.(x)  =  f,(y)  ,  for  each  i  so  that  y  e  St(x,y,)  ,  for 
11  ^1 

00 

each  i  .  But  St(x,^^)  =  {x}  ,  so  x  =  y  .  Hence  f(x)  =  f(y) 

iff  x=y;  i.e.,  f  is  one  to  one.  Thus  the  theorem  is  proved. 
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CHAPTER  V 


QUASI-METRIC  SPACES 


The  notion  of  quasi-metric  was  introduced  by  Wilson  [57] 
and  has  also  been  studied  by  Albert  [1],  Ribeiro  [49],  and  more  recently 
by  Kelly  [29],  Pervin  [48],  Stoltenberg  [52],  Patty  [47]  and  Sion 
and  Zelmer  [50].  In  this  chapter,  we  extend  and  unify  some  of  their 
work. 

In  Section  1  we  give  some  simple  properties  possessed  by 
quasi-metric  spaces. 

« 

In  Section  2  we  give  some  theorems  characterizing  quasi- 
metrizability  of  a  topological  space. 

Definition  5.1.1  A  quasi-metric  for  a  set  X  is  a  non-negative  real 
valued  function  d  on  X  x  X  such  that  for  x,y,z  in  X  , 

(1)  d(x,y)  =  0  iff  X  =  y  ; 

(2)  d(x,y)  <  d(x,z)  +  d(z,y) 

Let  d  be  a  quasi-metric  on  a  set  X  ,  and  define 
d^  :  X  X  X  ^  R  by  the  equation  d^(x,y)  =  d(y,x)  .  It  is  easy  to 
verify  that  d^  is  a  quasi-metric  on  X  .  d^  and  d  are  called 
conjugate  quasi-metrics  on  X  .  The  quasi-metric  topology  on  X 


is  the  family  of  all  sets  U  in  X  such  that  for  each  x  e  U  there 
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is  e  >  0  with  the  property  that  S(x,e)  =  {y  |  d(x,y)  <  e}  cU  .  The 

quasi-metric  topology  will  be  denoted  by  and  X  with  topology 

is  called  a  quasi-metric  space.  X  with  t  ,  where  d^  is  a  conjugate 

d"^ 

qiiasi-metric  of  d  is  called  the  conjugate  quasi-metric  space. 

Proposition  5.1.1  Let  X  be  a  set  with  quasi-metric  d  ,  A  be  a 

subset  of  X  and  x,y  be  any  pair  of  points  of  X  .  Then 
d(A,y)  -  d(A,x)  <  d(x,y)  ,  where  d(A,y)  =  inf  {d(a,y)  |  a  e  A}  . 

Proof .  d(A,y)  <  d(a,y)  for  all  a  e  A  .  Now,  by  the  triangle 
inequality  d(A,y)  <  d(a,y)  <  d(a,x)  +  d(x,y)  for  all  a  e  A  .  Hence, 
it  follows  that  d(A,y)  <  d(A,x)  +  d(x,y)  ;  i.e.,  d(A,y)  -  d(A,x)  < 

d(x,y)  .  Hence  the  proposition  is  proved. 

Proposition  5.1.2  Let  (X,t^)  be  a  quasi-metric  space.  Then,  every 

closed  subset  of  X  is  a  set  in  (X,t  ,)  . 

d 

Proof .  Let  C  be  a  closed  subset  of  X  with  respect  to  the  topology 

}  for  i  =  1,2,...  .  We  first  show 
that  U.  is  open  with  respect  to  ^  •  Let  x  e  and 

11  1  I  1 

r  =  Y  “  d  (C,x)  .  Let  y  e  S  (x,r)  =  {z  e  X  |  d  (x,z)  <  r}  .  Then, 

1  11 

we  have  d  (x,y)  <  -r  "  ^  (C,x)  .  Therefore,  by  Proposition  5.1.1,  we 
have  d^(C,y)  -  d^(C,x)  <  j  -  d(C,x)  ,  i.e.,  d^(C,y)  <  j  ,  so  that 

y  e  U.  .  It  is  easy  to  see  that  each  is  open  with  respect  to 

c» 

T  ^  .  It  remains  then  to  show  that  C  =  .  It  is  easy  to 

d 

show  that  C  c  for  i  =  1,2,...  ,  i.e.,  C  c  .  Let 

V  e  0-,  U.  .  Then  d^(C,y)  <  ^  for  all  i  =  1,2,...  ,  i.e., 

1=1  1  1 


Let  =  {x  e  X 


d^(C,x)  <  j 
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d(y,C)  <  Y  for  ^11  i  “  .  Since  d(y,C)  <  ^  for  each  i 

there  is  e  C  such  that  d(y,x^)  <  -^  >  i.e.,  the  sequence 

converges  to  y  in  .  But  C  is  closed  in  ,  so  that 

00  00 

y  e  C  .  Since  y  is  an  arbitrary  member  of  .n,  U.  implies  .n,  U,  c  C 

1=1  1  1=1  1 

00 

Therefore  C  =  where  is  open  with  respect  to  t  ^  for 

d 

each  i  .  Consequently,  C  is  a  G  set  with  respect  to  ^  ^  . 

d"^ 

Hence  the  proposition  is  proved. 


Remark  5.1.1  Let  d 

m  >  0  define  p  (x,y) 

m 

for  X  and  x ,  =  x 

^  Pt. 
m 

bounded  quasi-metric. 


be  a  quasi-metric  for  a  set  X  .  For  each 

=  min  {m,d(x,y)}  .  Then  p  is  a  quasi-metric 

m 

Thus  any  quasi-metric  is  equivalent  to  a 


00 

Proposition  5.1.3  Let  {(X  ,d  )}  ,  be  a  countable  family  of 

- -  n  n  n=l 

quasi-metric  spaces,  each  of  diameter  at  most  one.  For  x  and  y 
00 

belong  to  H,  X  ,  define 
^  n=l  n 


°°  d  (x  ,y  ) 
s  r  n  n  n' 
d(x,y)  =  I  - 


n=l 


vn 


Then  d  is  a  quasi-metric  for  H.  X  ,  and  the  resulting  quasi- 

n=i  n 

metric  topology  is  the  product  topology.  Also  d^  defined  by 


“  d  (x  ,y„) 
dhx.y)  =  5:  -  "  " 


n=l 


.n 


00 

is  the  conjugate  quasi-metric  for  X^  and  its  quasi-metric  topology 

is  the  product  of  the  topologies  generated  by  the  conjugate  quasi¬ 
metrics  d^  ,  n  =  1,2,...  . 
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Proof .  Similar  to  Theorem  14  on  page  122  of  Kelley  [28]. 

Proposition  5.1.4  If  (X,d)  is  a  regular  quasi-metric  space,  then 
(X,d^)  is  a  Hausdorff  quasi-metric  space. 

Proof.  See  Corollary  3.19  on  page  43  of  Murdeshwar  and  Naimpally  [42] 

Corollary  5.1.4A  Let  (X,d)  be  a  regular  quasi-metric  space.  Then 
A=  {(x,x) 

Proof.  Since  (X,d)  is  a  regular  quasi-metric  space,  by  Proposition 

5.1.4  (X,d^)  is  a  Hausdorff  quasi-metric  space.  Therefore  A  is 

a  closed  subset  of  X  x  X  in  x  ^  x  t  ,  .  Now,  by  Proposition  5.1.2 

d"^  d 

it  is  easy  to  see  that  A  is  a  G.  subset  of  X  x  x  with  respect 

Q 

to  the  topology  ^  ^d  * 

Theorem  5.2.1  [Ribeiro  [49])  A  T^-space  X  is  quasi-metrizable 

iff  for  each  x  e  X  there  is  a  base  for  the  neighborhood  system 

{U(x,n)}  such  that  U(x,o)  =  X  and  if  ye  U(x,n)  for  n  >  0  , 

n=o 

then  U(y,n)  c  U(x,n-1)  . 

Proof .  Let  (X,d)  be  a  quasi-metric  space.  Let  us  define 

U(x,n)  =  S(x,  — )  ,  where  for  each  x  e  X  and  positive  integer  n  >  0 
2^ 

S(x,  —  )  =  {y|  d(x,y)  <  — }  and  U(x,o)  =  S(x,o)  =  X  .  Now,  obviously 
{U(x,n)}°°_  is  a  countable  base  for  the  neighborhood  system  at  x 
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yieooivdo  ,woH  .  X  *■  (o<x)8  »  (o,x)U  fanB  >  (y,x)fa  jy)  =  *x)8 

”s  “s 

X  3B  i!i938y8  boori-iodrislan  9ri3  3ol  assd  sldfilnuoo  &  al  *{(n,x)U} 

o"n 
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and,  if  y  e  U(x,n)  and  z  e  U(y,n)  ,  then 

d(x,z)  <  d(x,y)  +  d(y,z)  <  ^  ^  =  ---jy  ; 

2  2  2 

i.e.,  z  e  U(y,n)  implies  z  e  U(x,n-1)  .  Thus,  for  any  y  e  U(x,n) 
we  have  U(y,n)  c  U(x,n-1)  .  Consequently,  {U(x,n)}^_^  is  a 
required  countable  base  for  the  neighborhood  system  at  x  . 

Conversely,  for  each  x  e  X  ,  let  {U(x,n)}”  be  a  base 

n=o 

for  the  neighborhood  system  with  the  property  described  in  the 
hypothesis  of  the  theorem.  Let  us  define 

=  u({x}  X  U(x,n)  I  X  e  X)  for  n  =  1,2,... 

It  is  easy  to  see  that  {V  )  ,  is  a  countable  base  for  a  quasi- 

uniformity.  We  verify  only  the  triangle  inequality  ^i.e.,  we  want 

to  show  that  V  o  v  c  V  ,  for  each  n  =  1,2,...  where 

n  n  n— 1 

V  =  X  X  X  .  Let  (x,y)  e  V  °  V  .  Then  there  is  z  such  that 
o  n  n 

(x,z)  and  (z,y)  e  .  Thus  z  e  U(x,n)  and  y  e  U(z,n)  ;  also 

U(z,n)  c  U(x,n-1)  ,  so  that  y  e  U(x,n-1)  ,  i.e.,  (x,y)  e  {x}  x 

U(x,n-1)  <=  V  T  .  Hence  by  Theorem  11.1.1  on  page  175  of  Pervin  [45] 
n-1 

X  is  quasi-metrizable . 

Theorem  5.2.2  A  T^  -space  X  is  quasi-metrizable  iff  for  each  x  e  X 

00 

there  exists  a  decreasing  base  ^^n^^^^n-1  neighborhood  system 

1  2 

such  that  for  each  n  there  exist  neighborhoods  S  (x)  ,  S  (x)  of 

n  n 

1  2 

X  with  the  property  that  y  e  S^(x)  implies  S^(y)  £ 

U  ^ (x)  c  S^(x)  n  S^(x)  . 
n+1  n  n 
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^  J.“X1  XI 

3nBW  9W  ,.S.1^  ydiXfiopanl  oXgnBlil  9xl3  yXoo  yilisv  aW  .yllxiriollnu 

939ifw.‘'  ...eS»X  *  n  xio69  3ol  .  V  o  V  o  V  3bxI3  worfs  03 

1— n  XI  XI 

3fexf3  xfoixe  S  8l  939x{3  XTSxIT  .  V  °  V  3  (y,x)  39j  .  X  X  X  ■  V 

XI  n  o 

oeXs  ;  (n,s)U  3  y  bris  (xi,x)U  3  s  sorIT  .  3  (y,s)  bns  (s,x) 

( 

X  {x}  3  (y,x)  «.9.i  t  (X-n,x)Of  3  y  3Bxi3  oa  ,  (X-n«x)U  a  (xx,s)U 

fiA]  flIvTO?  lo  2^X  9§Bq  no  X.X.XX  ra9309xiT  yd  sonsH  •  j  ^  (X-xi,x)tJ 

.9XdBsl339m-l3By]>  al  X 

T  » 

X  3  X  rfoB9  xol  111  9ldBsii39ra-±asop  al  X  90sqa-  j.T  A  xas^eoadT 

00  ^ 

or93eye  boo/fiodrlglsn  9xl3  toI  -  {(x)  U}  aesd  S'filsBa^toBb  b  alslxd  siadl- 

i=n  ,  n  - 

S  X  , 

lo  (x)  8  ,  abooxJiodiigign  381x9  9i9xi3  n  doBs  lol  3ari3  ddi/e 

xx  xi 

£  X 

bna  aslXqml  (x)^8  3  y  3Bd3  y3i9qo3q  9ri3  ri3lw  x 

.  (x)^8  n  ix)h  o  (x)..  U 
a  a  X+n 
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Proof .  Suppose  X  is  a  quasi-metric  space.  Then  by  the  Theorem  5.2.1, 

00 

for  each  x  e  X  there  exists  a  countable  base  {U(x,n)}  for  the 

n=o 

neighborhood  system  such  that  if  ye  U(x,n)  for  n  =  1,2,...  ,  then 

U(y,n)  c  U(x,n-1)  where  U(x,o)  =  X  .  Let  us  define  for  each  n  >  0  , 

1  2 

U  (x)  =  U(x,n)  and  S  (x)  =  S  (x)  =  U(x,n+1)  .  Now,  it  is  easy  to 
n  n  n 

verify  that  {U  (x)}  where  U  (x)  =  X  and  for  each  n  , 

^  n  n=o  o 

1  2 

S^(x)  =  S^(x)  has  the  required  properties. 

Conversely,  let  us  suppose  that  for  each  x  e  X  there  exists 

00 

a  decreasing  countable  base  '^^n^^^^n-1  neighborhood  system 

1  2 

at  X  and  for  each  n  there  exist  neighborhoods  S  (x) ,  S  (x)  such 

n  n 

that  y  e  S^(x)  implies  S^(y)  c  U  (x)  and  U  , , (x)  c  S^(x)  n  S^(x). 

n  n  n  n+1  n  n 

1  2 

Let  us  define  U(x,o)  =  X  and  U(x,n)  =  S  (x)  n  S  (x)  for  n  >  0  . 

n  n 

00 

Clearly  {U(x,n)}^_^  is  a  countable  base  for  the  neighborhood  system 

at  X  .  We  now  need  only  show  that  if  ye  U(x,n)  then  U(y,n) 

U(x,n-1)  .  If  y  e  U(x,n)  =  S^(x)  n  S^(x)  then  S^(y)  n  S^(y)  = 

■'  n  n  n  n 

U(y,n)  c  S^(y)  c  u  (x)  c  S^_, (x)  n  S^_„(x)  =  U(x,n-1)  ;  i.e.,  if 
y  e  U(x,n)  then  U(y,n)  c  U(x,n-1)  .  Hence  the  theorem  is  proved. 

Corollary  5.2.2A  A  T^-space  X  is  quasi-metrizable  iff  there  exist 

sequences  of  neighborhoods  of  X  ,  {U  (x) }  ,  and  {S  (x) }  ,  , 

n  n=l  n  n=l 

such  that: 

(a)  for  each  x  e  X  ,  {U  (x)}  ^  is  a  base  for  the 

n  n=i 

neighborhood  ystem  at  x  ; 

(b)  for  all  x,y  e  X  ,  ye  S^(x)  we  have  S^(y)  c  U^(x) 

and  U  , , (x)  c  S  (x)  for  all  n  =  1,2,...  . 
n+1  n 


raa^oariT  adi  yd  nsriT  .soBqa  olidsm-jfcsBi/p  e  el  X  3aoqqz;2  ■  195^1 
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03  yeBB  ai  3l  ,woH  .  (I+n«x)U  »  (x)^2  =  (x)^8  bns  (n,x)U  »  (x)^U 

,  n  doBB  lol  bnB  X  =  (x)  U  sisriw  U)  ierfd  y^liav 

'  O  O^Ti  fl 

£  I 

*'  .aBiaiBqoiq  bsiiopBi  Bri3  esrl 

a38ix9  BiBxii  X  b  x  docs  io\  3Bri3  aeoqqua  au  3bI  ,yl9eT9vnoO 

CO 

ciBJaya  boori^odriglBn  9ri3  loX  sssd  sldBinuoD  gniaBBioBb  b 

£  X 

rfoua  (x)  3  ,(x)  3  abooriiodrisisn  3axxB  9X9ri3  n  rfoBs  io5  fans  x  3b 
n  n 

.(x)^3  n  (x)'^3  3  (x),.  U  bnB  (x)  U  (y)^3  aslXqmX  (x)‘^3  3  y  3firi5 
n  n  I+n  n  n  n 

£  X 

.  0  <  n  io5  (x)  8  n  (x)  3  =  (fr«x)U  bnB  X  =  (o,x)U  BnX^sb  aw  daJ 

n  n 

00 

fliB^aya  boorittodrigisn  arii  loX  saBd  BXdsdnwoo  &  al  ^_^{(n,x)U}  yXttBsXO 

(n,y)U  nB/l3  (n«x)U  b  y  il  3Bd3  worfa  yXno  bsBn  won  bW  ,  x  3b 
"  (^)^8  ^  ^^^n^  ~  (n«x)U  3  y  XT  .  (X-n«x)U 

XI  ,.B.x  ;  (X-n,x)U  =  (x)^_^3  n  (x)j._^3  ^  ^  ^  («ty)U 

.bsvoiq  ai  inBX03ri3  Bri3  sonsH  .  (X-n,x)U  a  (n,y)U  n3il3  (n,x)U  b  y 

3aix3  Bi3ri3  5il  3XdBslx33m-l3Bwp  al  X  sosqa-j.!  A  A£.£.g  y^nXIoioO 
00  00 

t  ^  aboorixodrfgisn  io  asonBupaa 

:3ir.  d3  riowa 

9ri3  lOl  B8Bd  B  ai  ,  X  B  X  rfOBB  XOl  (b) 

;  X  3B  rnB3ey  boorfiodrigian 

(x)^-J  3  (y)^3  BVBri  BW  (x)^8  B  y  ,  X  3  y,x  XXb  loi  (d) 
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Theorem  5.2.3  A  T^-space  X  is  quasi-metrizable  iff  there  is  a 

00 

collection  {U  (x) }  of  open  sets  such  that: 

n  n=o 


(a)  for  all  x  e  X  ,  {U  (x) }  is  a  decreasing  base 

n  n=o 

for  the  neighborhood  system  at  x  where  U  (x)  =  X  ,  and 

o 

(b)  for  y  e  X  and  {y  }  ^  and  {z  }  ,  are  sequences 

n  n=l  n  n=l  ^ 

such  that  2  e  U  (y  )  and  y  £  U  (y)  for  each  n  . 

n  n  -^n  ^n  n  ’ 


r  '1 

then  { z  }  . 

n  n=l 


converges  to  y  and  z^  e  ^n-1^^^  for  all  n  =  1,2,...  . 


Proof .  Let  X  be  a  quasi-metric  space  with  a  quasi-metric  d  . 

Let  U  (x)  =  X  and  for  each  x  £  X  and  n  >  0  ,  U  (x)  =  S(x,  — )  = 
o  n  2^ 

{y  I d(x,y)  <  — }  .  Clearly,  {U  (x)}  is  a  base  for  the 

neighborhood  system  at  x  .  Now,  if  y  is  an  arbitrary  point  of  X 


and  {y  }  T  and  {z  }  ,  are  sequences  such  that  z  £  U  (y  ) 

n  n=l  n  n=l  ^  n  n  -^n 

and  y  £  U  (y)  then  d(y,z  )  <  d(y,y  )  +d(y  z  )  <  - 1-  —  =  ^  ■  ■ 

n  n  ^  n  =  -^’-^n  -^n  n  ^n-1 

00 

Now,  it  is  easy  to  see  that  z  £  U  (y)  for  all  n  and  iz  } 


n 


"n  n=l 


converges  to  y 


Conversely,  suppose  that  there  exists  a  collection  ^^n^^^^n=o 

of  open  sets  such  that,  it  is  a  base  for  the  neighborhood  system  at 

00 

X  ,  where  ^  ^’^y  x  £  X  .  If  y  £  X  and  n=l 

and  {z,  }  are  sequences  such  that  z  £  U  (y  )  and  y  £  U  (y) 

n  n=l  nn-^n  -'nn-' 

oo 

for  each  n  then  {z  }  converges  to  y  and  z  e  u  (y)  for 

n  n=l  b  j 

oo 

all  n  .  We  claim  that  the  collection  {U(x,o)}  where  U(x,o)  =  X 

n=o 

and  U(x,n)  =  U^(x)  for  n  =  1,2,...,  has  the  property  that  if 
y  £  U(x,n)  for  n  >  0  then  U(y,n)  c  U(x,n-1)  .  Suppose  for  some 
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00 
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00 
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(x)^U  3  fans  3  3Brf3  dox/a  aaonsi/psa  33b  x=n^n^^ 

301  3  bnB  X  03  a3S33vnoo  n3d3  n  rio69  3o3 

00 

X  »  (o,x)U  333dw  {(o,x)U}  noi309lIoo  3d3  3sri3  tnlelo  sW  ..n  IXa 
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X  e  X  and  some  n 
o  o 

there 

IS  y 

n 

0 

e  U(x  ,n  ) 
o  o 

such  that 

U(Un  . 

o 

U(x  ,n  -1)  .  Let  us 
o  o 

choose 

z  e 

n 

o 

U(yn  .%)  - 
o 

U(x  ,n  -1) 
o  o 

and  for 

n  n  choose  z  c 

o  n 

U  (  y„) 
n  •'n 

where 

y  €  U  (x) 
■'n  n 

.  Clearly, 

}" 

n  n= 

converges  to  x  but  z  ^  U(x  ,n  -1)  ,  a  contradiction.  Hence 

o  n  o  o 

o 

the  theorem  follows  from  Theorem  5.2.1. 


Theorem  5.2.4  Let  X  be  a  T^-space  such  that  there  exists  a 

00 

countable  family  open  covers  of  X  satisfying  the  follow- 

ing  conditions: 


(a)  B.,,  refines  B.  for  each  i  and  B,  c  B,,-  : 

'^i+l  ^1  ^1+1  ’ 


(b)  for  each  i  and  each  xeX  ,  n(B|x  e  B  cB.)  =0^ 

T  00 

is  a  neighborhood  at  x  and  ^^^^i-l  ^  base  for  the  neighborhood 

system  at  x  for  all  x  e  X  .  Then  X  is  quasi-metrizable  . 


Proof.  For  each  x  e  X  and  i  define  U(x,o)  =  X  and  U(x,i)  =  0^ 

for  i  >  0  .  By  (a)  U(x,i+1)  c  U(x,i)  for  all  i  and  by  (b) 


{U(x,i)}^_^  is  a  base  for  the  neighborhood  system  at  x  .  Also, 
if  ye  U(x,i)  by  the  construction  it  is  easy  to  see  that 


U(y,i)  U(x,i)  .  Hence  by  Theorem  5.2.1,  X  is  quasi-metrizable. 


Theorem  5.2.5  A  T^-space  with  a-point  finite  base  is  quasi- 


metrizable  . 


Proof.  Let  X  be  a  T, -space  with  a-point  finite  base  B  =  ,u  B.  , 
-  1  ^  1=0  ^1 

B  =  X  and  B  is  point  finite  for  each  i  .  Without  loss  of 
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generality  let  us  assume  that  B.  c  for  each  i  .  Now  for  each 

°  j  ^1+1 

X  6  X  define  U(x,o)  =  X  and  U(x,i)  =  n(B  |  x  e  B  e  B^)  .  Since 
is  point  finite,  U(x,i)  is  a  finite  intersection  of  open  sets 

OO 

and  therefore  open.  Also,  since  B  is  a  base,  {U(x,i)},  is  a 
base  for  the  neighborhood  system  at  x  e  X  .  Furthermore  if  y  e  U(x,i) 
for  i  >  0  by  the  construction  of  U(x,i)  ,  it  is  easy  to  see  that 
U(y,i)  <=  U(x,i)  c  U(x,i-1)  .  Hence  by  Theorem  5.2.1,  X  is  quasi- 
metrizable . 


Corollary  5.2.5B  If  a  topological  space  X  is  such  that  there  exists 

00 

a  countable  family  point  finite  open  coverings  satisfy¬ 

ing  the  conditon: 

00 

(*)  for  any  x  e  X  there  is  a  sequence  n-1  ’  where 

Vn  e  Vn  >  forming  a  base  for  the  neighborhood  system  at  x  ,  then 
X  is  quasi-metrizable . 


Proof.  Similar  to  Theorem  5.2.4. 


Definition  5.2.1  A  quasi-metric  (X,d)  is  called  a  conjugate  strong 
quasi-metric  iff  ^  1  * 


Theorem  5.2.6  A  quasi-metric  space  (x,d)  is  conjugate  strong  iff 

00 

for  any  two  sequences  {x}  ,,  ly)  such  that  d(x  ,x)  0 

^  n  n=i  n  n=i  n 

and  d(x  ,y  )  ^  0  it  follows  that  d(x,y  )  ->-  0  . 
n  n  n 


1 

n 
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{y I d(x,y) 


be  a  basic 


Proof . 
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neighborhood  of  x  and  suppose  that  for  all  m  , 


is  such  that 


S^(x,  ^)  =  {y  I  <i^(x,y)  < 


shx,  -  S(x,  -^)  i  ♦ 

2  2  ° 

where  n  is  fixed.  Let  us  choose  x  e  S^(x,  — )  -  S(x,  — ^)  .  Now 
o  m  _in  n 

2  2  ° 

choose  y  =  X  .  Clearly  d(x  ,x)  ->  0  and  d(x  ,y  )  ->  0  so  that 
mm  m  mm 

by  the  hypothesis  d(x,y^)  0  .  Hence  for  some  m  >  n^  we  have 

y  e  S(x,  — ^)  ,  a  contradition.  Consequently,  S^(x,  — )  c  S(x,  — ) 
m  n  „m  „m 

2  o  2  2 


for  some  m  >  n 


o  ’  ^d  ""  '^,1  ■ 

d 


Conversely,  if  ^  ^  i  want  to  show  that  for  any  pair 

d 

00  00 

of  sequences  {x  }  ^  ,  {y  }  ,  for  which  d(x  ,x)  ^  0  and 

n  n=l  n  n=l  n 

d(x  ,y  )  ^  0  ,  we  have  d(x,y  )  ->  0  .  Let  {x  }  ^  and  {y.  }  ^ 

n  -^n  n  n  n=l  -^n  n=l 

be  two  sequences  such  that  d(x  ,x)  ^  0  and  d(x  ,y  )  ^  0  .  Now 

n  n  n 

d(x  ,x)  0  implies  d^(x,x  )  0  .  Since  i  we  have 

n  n  d  ji 

d 

d(x,x  )  -)-  0  .  Using  the  triangle  inequality  the  result  follows 
n 


immediately . 
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CHAPTER  VI 


DEVELOPABLE  SPACES 


The  concept  of  developable  spaces  is  quite  old  and  has  its 
origin  in  the  works  of  R.L.  Moore  [40],  In  recent  years  the  problem 
of  whether  each  normal  developable  space  is  metrizable  has  received 
a  considerable  amount  of  attention.  However  the  problem  still  remains 
open. 


In  this  chapter  we  list  some  familiar  properties  of  developable 
spaces  and  an  internal  characterization  is  given  in  Theorem  6.1.2.  We 
demonstrate  the  relation  between  semi-metric  and  developable  spaces, 
quasi-metric  and  developable  spaces.  Also,  we  show  that  a  locally 
developable  F^-screenable  space  is  a  developable  space. 

Definition  6.1.1  A  topological  space  X  is  called  developable  iff 

00 

there  exists  a  countable  family  open  covers  of  X  such 

00 

that  for  any  x  e  X  ,  {St(x,V,)}.  ^  is  a  base  for  the  neighborhood 

j  1=1 

system  at  x  . 

Clearly  a  developable  space  is  a-paracompact . 

Let  us  recall  several  other  properties  of  developable  spaces 
which  are  either  known  or  immediate  consequences  of  the  definition: 

(a)  Every  developable  space  has  a  a-discrete  closed  net¬ 


work.  See  Bing  [11] . 
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(b)  Every  developable  T^-space  has  G^-diagonal.  See 
Theorem  2.3.1. 

(c)  Every  completely  regular  developable  space  is  a  strict 
p-space.  See  Theorem  1.2.1. 


(d)  Every  developable  T^-space  is  semi-metrizable .  See 
Theorem  4.1.4. 

(e)  If  X  is  a  regular  developable  space,  then  there 

00 

exists  a  countable  family  open  covers  of  X  such  that 

for  x,y  in  X  there  is  i  such  that  y  i  Cl  (St(s,V.  )  ,  i.e., 

X  X  '^1 

_  X 

X  has  G^-diagonal.  See  Definition  2.2.3. 


Theorem  6.1.1  A  completely  regular  space  X  is  a  p-space  and  has 

Gg -diagonal  iff  the  diagonal  of  X  is  a  closed  G^  set  in  X  x  BX 
where  BX  is  any  Hausdorff  compactif ication  of  X  . 


Proof .  Assuming  X  is  a  p-space,  by  Theorem  1.1.2  the  diagonal 

00 

A„  c  .n,  G,  c  X  X  X  ,  where  for  each  i  ,  G,  is  open  in  X  x  BX 
X  1=1  1  1  ^ 

and  BX  is  a  Hausdorff  compactification  of  X  .  Also  is  a  G^ 


CO 


set  in 

X  X  X 

implies  A 

A, 

"  i2l 

H,  where 
1 

H. 

1 

is  open  in 

X  X 

X  for 

each  i 

.  Let 

us  choose 

1 

open  in 

X  X 

BX 

such  that 

00 

n 

1 

X 

X! 

and  let 

OO 

U.  =  U 
1 

.  n  G  for 

1  i 

each 

1  . 

Because 

OO 

.n,  G.  c  X 
1=1  1 

X  X 

and 

"'x  '  iS 

1  > 

it  is  easy 

to  see 

that 

i^l 

U.  ^ 
1 

=  A  where 

X 

U. 

1 

is  open 

in  X  X 

BX  for 

each  i  . 

Hence 

"x 

is  a 

^6 

set  in  X 

X  BX 

•  "x 

is  closed  in  X  x  BX  follows  from  the  fact  that  BX  is  Hausdorff. 


oo 

Conversely,  let  us  assume  that  A^  =  where  for  each 
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i  ,  is  open  in  X  x  BX  for  BX  a  Hausdorff  compactif ication  of 

00 

X  .  By  Theorem  1.1.2,  X  is  a  p-space  and  A  =  .n-  (U.  n  (X  x  x))  ; 

X  i““X  i 

therefore  is  a  G.  set  in  X  x  x  .  Hence  the  theorem  is  proved. 

X  0 

Corollary  6.1.1A  A  completely  regular  space  X  is  a  p-space  and  has 

00 

G^-diagonal  iff  there  exists  a  countable  family  open 

covers  of  X  in  BX  such  that  ,n,  St(x,V.)  =  {x}  for  all  x  e  X  , 

1=1 

where  BX  is  a  Hausdorff  compactif ication  of  X  . 

Proof .  Is  similar  to  Theorem  2.3.1. 

Theorem  6.1.2  A  completely  regular  space  X  is  developable  iff 

X  is  a-paracompact  and  A  is  a  closed  G  set  of  X  x  BX  ,  where 

X  0 

BX  is  a  Hausdorff  compactif ication  of  X  . 

Proof .  If  X  is  developable,  it  is  trivially  a  a-paracompact  space 
and  by  Theorem  1.2.2  and  Theorem  2.3.1,  it  is  a  p-space  with  G^-diagonal. 
Therefore,  by  Theorem  6.1.1,  h  is  a  closed  G.  set  in  X  x  BX  where 
BX  is  a  Hausdorff  compactif ication  of  X  . 

Conversely,  let  X  be  a  a-paracompact  space  and  A  be 

a  closed  G  set  in  X  x  BX  .  Since  A„  is  a  closed  G.  set  in 

6  X  6 

00 

X  X  BX  by  Corollary  6.1.1A  there  exists  a  countable  open 

00 

covers  of  X  in  BX  such  that  ,n,  St(x,V.)  =  {x}  for  all  x  e  X  . 

For  each  i  and  x  e  X  let  us  define  0^  a  neighborhood  of  x  in 

BX  such  that  0^  c  0^  ^  and  C1„„0^  c  V  for  some  V  e  V,  .  Let 

XX  BX  X  "^1 

=  0^  n  X  .  Then  for  each  i,  W.  =  {W^  I  x  £  X}  is  an  open  cover 
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X  .  Now,  since  X  is  a-paracompact ,  for  each  i  there  is  a 

r  i  1  °° 

sequence  n  n=l  open  covers  of  X  satisfying  the  condition: 
for  X  e  X  there  is  n  such  that  St(x,W^  )  <=  w  for  some  W  e  W. 


'V  n 


X 


VI 


Without  loss  of  generality  we  may  assume  that  refines 


W 

vn 


for  each  n  .  Finally,  for  any  integer  m  let  ^  be  an  open  cover 


of  X  such  that  R  refines  each  W  for  s  < 

Vm  'ajs  = 


m 


t  <  m  and 


r  .00 

R  refines  R  .  We  shall  show  that  the  countable  family  (R  ;  - 

vm+l  vm  '^Jm  m=l 

of  open  covers  of  X  is  a  development  for  X  .  If  x  e  X  is  fixed 

and  k  is  a  positive  integer,  then  there  is  some  x^  e  X  and 

Ic.  Ic 

n.  >  k  such  that  St(x,W  )  <=  0  n  X  ,  so  that  St(x,R  )  c 

It 

St(x,W  )  c  0  n  X  .  If  n,  -  >  n,  we  have  St(x,R  )  <=  St(x,R  ) 

X-  ICt  J-  rC  '*'^1  I  1 

k  k  k+1  Tc 

Suppose  U  is  a  neighborhood  of  x  ,  open  in  X  and  is  an 


open  set  in  BX  such  that  U  =  X  n  U 
any  m  ,  then 


#  m  A-  ^ 

•  k2l  **  “ 


m  V  #  ,  00 

{  n  -  r)}  T 

k=l  BX  X,  m=l 


is  a  decreasing  sequence  of  closed  sets  in  BX  and  hence 
00  m  k  . 

n  (  n  Cl  0  -  u  )  ?^  (})  .  Now 

m=l  k=l  Ba  X, 


CA  Iroo  ooV  ook®®k 

k£i  =  'k2i  "  tk£i  “x J  =  "'k2i  ”xj  =  k2i  \  • 

k  k  K  K 

Hence  y  e  ,  n,  C1^„0^  -  implies  that  y  e  ,  n  and  then  by 

k=i  BX  x^  K.— ±  x^ 

Corollary  1.1. A  it  follows  that  converges  to  y  ,  i.e., 

V  £  n,  St(x,V.)  .  Bur  for  any  x  e  X  ,  .0-  St(x,V  )  =  {x}  so  x 

■'  1=1  1  1-1  1 

m  k  # 

which  is  a  contradiction.  So  there  is  m  such  that  ^^BX^x  ^  ^ 

k 


It  follows  that 
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n  X 
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(  a,x)d2  =  (  ^^,x)d2  0VBri  dw  51  .  X  n  ^0  ^  (  ^Ji,x)58 

X4-^  Ar  jT 

nfe  el  *^0  bne  X  ol  naqo  ,  x  5o  booriiodrfsian  a  el  U  aeoqqiiS 

ni  iV 

n  51  .  U  n  X  »  U  dsrid  riaua  Xfi  nl  aae  naqo 


«  *  >X8^=» 


,  “{("u  - 

X-m  .X  xa  x=^ 


I  '  « 


aonari  bnfe  XH  nl  eJaa  basoXo  5o  aonaupaa  gnleeaioab  a  al 

woM  .  ^  k  i\  -  ,?>  .)  S 

i  „  ^  xa  XkjJ  x»nn 


!°  ih  ~  x2=t^  "  x£^>  =  Jpxa^^  i£ii 


A  * 
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,x  I»3f  '• 

A 
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1  X»1 
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9  X  ifOaeB 
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m  m  ,  „ 

St(x,R  )  c  n  St(x,R  )  c  [  n.  0  ]  n  X  c  u  n  X  =  U  . 

if=i  K=1  X, 

m  k  k 

Hence  x  e  St(x,^^  )  c  U  and  hence  we  have  proved  the  claim.  Thus  the 

m 

theorem  is  proved. 

Corollary  6.1. 2A  A  completely  regular  space  is  developable  iff 
the  following  conditions  are  satisfied: 

(i)  X  has  a  G  -diagonal; 

Q 

(ii)  X  is  a-paracompact ; 

(iii)  X  is  a  p-space. 

Proof.  Follows  from  Theorems  6.1.1  and  6.1.2. 

Theorem  6.1.4  A  completely  regular  space  X  is  developable  iff  X 
has  a  a-cushioned  paired  network  and  is  a  p-space. 

Proof.  Necessity  is  trivial  from  the  properties  listed  for  developable 
space  in  the  beginning.  Sufficiency  follows  from  Proposition  4.1.6, 
Corollary  3.2.1A,  Proposition  2.1.2  and  Theorem  6.1.2. 

Corollary  6.1.4A  A  completely  regular  space  X  is  developable  iff 
X  is  a  semi-metric  and  p-space. 

Proof.  Follows  from  Theorem  4.1.4,  Theorem  1.2.2  and  Theorem  6.1.4. 


Corollary  6.1.4A  answers  the  question  raised  by  Morton  Brown  [15] 
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"What  is  a  topological  condition  which  is  necessary  and  sufficient  for 
a  semi-metric  space  to  be  developable"?  Recently,  several  others  have 
solved  this  problem  independently. 


Thorem  6.1.5  A  F^-screenable  locally  developable  space  is  a 
developable  space. 


Proof.  Since  X  is  locally  developable  for  each  x  ^  X  there  is 

an  open  neighborhood  W  of  x  which  is  developable,  i.e.,  there 

00 

exists  ^  sequence  of  open  coverings  of  W^  such  that 

{St(y,W^(x))}^_^  is  a  base  for  the  neighborhood  system  at  y  for 

v  e  W  .  Further,  X  is  F  -screenable,  therefore  there  exists  a 
X  a 

00  i 

a-discrete  closed  refinement  V  =  .u,  V.  of  {W  x  £  X)  where  we 

1=1  'll  X  ' 

denote  V.  =  {V^  la  e  a,}  for  each  i  . 

'll  a  '  1 

Let  i  be  a  fixed  but  an  arbitrary  integer.  Let  £  V, 

a  0^1 

let  us  define 


h(V^)  =  X  -  u(Vo  I  3  £  A,  and  a  ^  8) 
a  p  '  1 


For  j  any  integer  let  us  define 


Uij(vJ)  =  {h(V^)  n  w  |w  £ 

where  W(x,V^)  £  {W  (x)}°°  ,  such  that  c  w  .  Finally  we  define 
%  a  in  n=l  a  x 


=  {u  :  U  £  a  £  A^)  U  (X  -  U(V^  I  a  £  X.))  . 

Then  ,  is  an  open  cover  of  X  for  each  i  and  j  we  now  show 
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svsri  BTSfilo  iBTsvsa  ,yX3n909H  ?”9ldBqoIsvab  ad  o:t  aofiqe  dIiJsui-Iiwb  m. 


.ylJnabnaqsbxiX  msXcfoiq  alil:)  bavXoa 
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I 


8i  9i9ri3  X  ^  X  rioea  io1  aXdfiqoXavab  yllBooX  ei  X  aonlS  , 
aiarfj  ,.9.1  ^aXdsqoIavab  al  rfalffw  x  lo  W  booriiodriglan  naqo  as 
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00 
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that  {U,.},  ,  T  is  a  development  of  X  . 

'V-IJ  1,J  =  1 


Let  X  6  X  and  let  i  be  an  integer  such  that  x  e  V 
o  o  o  a 

o 

Then  if  G  is  an  open  set  containing  x^  ,  then  there  is  such 

that  St(x  ,W.  (V^))  c  G  n  W  (V^)  where  W  (V^)  is  W„  such  that 
o  'v.j  a  X  a  X  a  x 

•^o 

c  w  .  By  construction  x  is  not  contained  in  any  other  element 
ax-'  o  ^ 


«i  1  (Vg)  for  ai  i  .  Thus  )  =  St(x^,JJ.  (V^)) 

O'^O  0*^0  0-^0 

•  • 

St(x  ,W.  (V  ))  c  G  n  W  (V^)  c  G  .  Hence  we  have  St(x  ,y.  .  )  c  G 
o’-Vi  a  X  a  o  '^1  j 


Co 


Hence  the  theorem  is  proved. 


Theorem  6.1.6  Let  (X,d)  be  a  conjugate  strong  quasi-metric  space. 
Then,  (X,t^)  is  a  developable  space. 


Proof .  Let  (X,d)  be  quasi-metric  space  and  t,  «=  x  ^  .  Let  us 

^  d'^ 

define  B  =  {S(x,n)  I  x  e  X}  where  for  each  n  and  x  e  X  , 

o-n 

S(x,n)  =  {y  I  d(x,y)  <  }  .  We  shall  show  that  the  countable 

2^ 

family  {B  }  ,  of  open  covers  of  X  is  such  that  {St(x,B  )}  , 

^  ^n  n=l  ^  '^n  n=l 

is  a  base  for  the  neighborhood  system  with  respect  to  . 

Let  X  e  X  and  U  be  an  open  set  containing  x  .  Then 
there  is  an  n  such  that  x  e  S(x,n-1)  c  U  .  But  t,  c  x  ,  implies 

that  there  is  m  >  n  such  that  x  e  S^(x,m)  c  S(x,n)  c  S(x,n-1)  c  u  , 
where  S^(x,m)  =  "Cy  |  d^(x,y)  <  ■—  )  .  We  shall  show  that 


St(x,B  )  c  U  .  Let  X  e  S(y,m)  .  Then  d(y,x)  < 
'v^m 


,m 


so  that 


y  e  S^(x,m)  £  S(x,n)  .  Hence  S(y,m)  c  S(x,n-1)  c  u  ,  for  if 

z  €  S(y,m)  then  we  have  d(x,z)  <  d(x,y)  +  d(y,z)  <  ^  , 

2  2  2 
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i.e.,  z  S(x,n-1)  .  Hence  the  theorem  is  proved. 


Remark  6.1.1  It  is  not  difficult  to  show  that  a  metacompact  develop¬ 
able  T^-space  is  conjugate  strong  quasi-metrizable . 
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CHAPTER  VII 


NAGATA  SPACES  AND  METRIZABILITY  OF  SPACES 

In  1961,  Ceder  [16]  introduced  a  class  of  spaces  called 
M^-spaces.  In  1966,  Borges  [13]  named  this  class  of  spaces  stratifiable 
and  proved  a  number  of  theorems  about  stratifiable  spaces.  Ceder  [16] 
showed  that  a  topological  space  is  Nagata  iff  it  is  first  countable 
and  an  M^-space. 

In  Section  1  we  give  an  intrinsic  characterization  of 
Nagata  spaces. 

In  Section  2  we  give  some  mapping  theorems . 

In  Section  3  we  give  some  metrizability  conditions  which 
establish  relations  between  various  classes  of  spaces  considered  in 
this  work  and  metric  spaces.  Theorem  7.3.3  is  of  special  Interest 
as  it  answers  McAuley’s  question  raised  in  [35]. 

Definition  7.1.1  A  Nagata  space  X  is  a  T^^-space  such  that  for  each 

oo 

X  e  X  there  exist  sequences  of  neighborhoods  of  x  ,  n=l 

00 

and  {S  (x) }  ,  such  that: 

n  n=l 

00 

(1)  for  each  x  e  X  ,  {U  (x)}  .  is  a  base  for  the 

'  '  n  n-1 

neighborhood  system  at  x  ; 

(2)  for  all  x,y  e  X  ,  S^(x)  n  S^(y)  ^  (}>  implies 

X  6  U  (y)  . 
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9ri3  30i  986d  B  el  ,  X  3  X  rioss  7oi  (I)  ^ 

J  X-  3b  ci93a\fB  booriioddgiaa 

aslXqml  ^  \  n  (x)^8  .  X  3  x«x  XXb  Toi  (£) 

,  U  y  X 
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Let  be  a  collection  of  ordered  pairs  P  =  (P^jP^)  of 
subsets  of  X  ,  with  P,  c  p  for  all  P  e  P  .  Then  P  is  called 
^  paired  base  for  X  if  P^  is  open  for  all  P  e  and  if,  for 
any  x  £  X  and  any  neighborhood  U  of  x  ,  there  exists  a  P  £  P 
such  that  X  £  P^  c  p^  c  u  .  Moreover,  a  collection  of  ordered 
pairs  P  =  subsets,  with  P^^  c  for  all  P  e  is 

called  cushioned  if  for  every  P^  c  ,  u  (P^  |  P  £  P^)  c  uCP^I  P  e  . 

is  called  g- cushioned  if  it  is  the  countable  union  of  countably  many 
cushioned  subcollections. 

Definition  7.1.2  An  M^-space  is  a  T^^-space  with  a-cushioned 
paired  base. 

Theorem  7.1.1  (J.G.  Ceder  [16])  A  topological  space  X  is  a 

Nagata  space  iff  it  is  a  first  countable  and 

00 

Definition  7.1.3  Let  X  be  a  topological  space  and  P^  , 

where  P,  =  {(P^-,P^„)  la  £  a,}  for  each  i  ,  is  a  a-cushioned 

paired  network.  Then  P  is  a  a-cushioned  paired  almost  base  iff  for 

K  c  u  ,  where  K  is  compact  and  U  open  in  X  ,  there  is  a  finite 

00  I 

subset  F  of  ,u,  A.  such  that  Kcu(P,a£F)  c  u(P„|a£F)cU. 

1=1  1  al  '  az  ' 

00 

Definition  7.1>4  A  sequence  covers  (not  necessarily 

open)  of  the  space  X  is  called  weakly  majorized  by  the  open  covering 
V  if  for  each  point  x  £  X  ,  and  for  some  n  ,  0^  (a  neighborhood 
of  x)  and  V  £  V  we  have  St(0  ,y  )  c  v  . 

V  X  '^n  — 


^0  ^  aiJtsq  baisb'xo  5o  nol:>09lloo  6  ed  J 

bailBD  eJt  5  oarfT  .  J  3  ^  ri3lw  ,  X  ?o  eaaedua 

irol  »11  bfiB  ^  ^  naqo  ei  ^*1  il  X  lo?  seed  6 

3  ^  fl  aaetxB  aiarf3  «  x  3o  U  booriiodrfglan  ^ns  fans  X  3  x  yns 
batrabio  3o  J[  noJ:3osIIoo  fi  jisvosioM  .  U  =>  o  3  x  3fidJ  dot/a 

ai  ^  a  *1  lie  ^o3  s' ri3iw  .aisadua  3o  ^  axl^q 

,  C*'^  3  *i  |£^)u  s  (^J  3  *!  I  «  5  ^  ^5  y:r3V9  -ro3  31  banoldeiro  b^IIao 

ynfcflj  yIdsJnuoo  3o  rroxnu  sldfiSnuoo  ed3  al  3l  31  b9nold8U3“t>  bsllso  el  J 

.  anolJ  :jsIIo3dy8  bsnoldeuo 


banolriawD-D  dllv  soaqa-^T  £  al  sosqa-^^M  xiA  S»I.^  nolJlal^oQ 

.aasd  b»ilfiq 


B  el  X  dssqa  Isolsoloqod  A  01  dl]  trsbsO  .D.L)  I.XA  aa^ioa/fr 

.  SDBqe-^j^  btiB  sldfidnyoo  3a^l3  s  el  dl  331  soaqa  odfisaH 


*  l5  X»1  "  3  ss'Bqa  XfiolgoXoqoq  b  ad  X  39 J  C.I.^  noU^Xoliag 

bsnolriayo-D  b  al  ,1  rioas  io3  ,  3  jo  j  eiadv 

103  331  saad  Jeoaris  bsilBq  bafi.olileiis-D  e  el  ^  rrsriT  .diowdan  bsxlsq 

93lfil3  s  al  arreriq  ,  X  nl  aaqo  U  ba&  loBqmoo  al  X  sisriw  .  0  s  X 
U  3  (X  3  o  1  ^  3  o  I  3  X  3Brf3  rfoua  lo  X  leadd® 

YliiB8as39n  3 on)  aisvoo  3o  aonsupsa  A  j^.lA  noUlollaa 

8nl3 9VOO  neqo  9rf3  yd  fa9sl10^Bffi  yX^aav?  bsXXBo  al  X  soaqa  aria  3q  (neqo 

boorinodri^lsn  a)  ^0  ,  n  smoe  xo3  bna  ,  X  3  x  anloq  doaa  io3  31  V 

•  svBfl  9w  ^  ^  ^  bna  (x  3o 
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A  sequence  covers  (not  necessarily  open)  of 

a  space  X  is  called  weakly  fundamental  iff  it  is  weakly  majorized 
by  every  open  cover  of  the  space  X  and  for  each  x  g  X  , 
i St  is  a  base  for  the  neighborhood  system  at  x  . 

oo 

Definition  7.1.5  A  sequence  covers  (not  necessarily 

open)  of  a  space  X  is  called  a  weak  k-refinlng  sequence  iff  for 

00 

an  arbitrary  compact  set  k  c  x  ,  {St(k,W.)}.  -  forms  a  base  for  the 

Vl  1=1 

open  sets  which  contain  k  . 


Proposition  7.1.2  In  a  T^-space  X,  the  following  statements  are  equivalent 

(a)  X  has  a  weakly  fundamental  sequence  of  covers; 

(b)  X  has  a  weak  k-refining  sequence  of  covers. 

Proof.  (a)  =>  (b)  Let  {V,},  ,  be  a  weaklv  fundamental 

-  VI  1=1 

sequence  of  covers  and  not  a  weak  k-refining  sequence  of  covers. 

Without  loss  of  generality  let  us  assume  that  V. , ,  refines  V, 

vi+l  vi 

for  each  i  .  Now,  since  '^^^-'1=1  ^  weak  k-refining  sequence, 

there  exists  a  compact  set  k  and  an  open  set  U  =5  k  such  that 
St(k,^^)  n  (X  -  U)  ?^  (})  for  all  i  .  Then,  for  each  i  there  is  x^ 
in  k  such  that  St(x.,V.)  n  (X  -  U)  ?^  (()  .  k  being  compact,  the 

1  vi 

00  ^00 

sequence  ^  subsequence  {x^  i=l  ^^ich  converges  to 


some  point  x  e  k  .  Let  us  choose  a  neighborhood  0  of  x  such 
that  St(0^,  V.  ,  )  c  U  .  Then,  obviously  St(x  ,y  )  <=  U  for 

"  ""(ol,U)  %  "1^ 

1  1  r  T  °° 

some  n,  >  i(0  ,U)  as  x  e  0  for  some  i  since  lx  }  , 

i  X  n.  X  o  n,  i=l 

01  1 

o 

converges  to  x  .  This  contradicts  the  choice  of  the  >  completing 


00 

io  (naqo  ylinyBBOO^n  loo)  sssvoo  io  eonaupes  A 

*1 

b^slio^ora  ylMftSW  ai  3i  Xfijnanrsbnoit  yX^tBSW  bollso  ®X  X  dOAqc^  fi 

,  X  j  X  rfoE®  boB  X  BOBqa  Bri3  lo  lovoo  nsqo  xiava 

00 

,  X  Jfi  iBd38xa  booriiodrfgido  9ri3  loi  seBcf  fi  8i  (^y,x)38} 


00 

^Il7S88939n  3ocr)  Bisvoo  9D09up98  A  noUlnXiod 

■soi  5^1  90O9up98  aoXolisi-^  .^Isaw  8  boIlBO  ai  X  sosqa  b  io  (nsqo 

■>  ^ 

9d3  loi  9BB<f  B  aorto^  ,  “{(.W«>f)38}  «  X  =  ^  ^sa  doBqraoo  xjat3tii:i&  ob 

1'^ 

.  A  nisinoo  doiilw  a398  odqo 


aoslBviupfl  bib  aJosaralBia  goJtvoIloi  srii  ,X  99Bqa-^T  b  nl  £  .1 .  ^  rtoi J^eogOT^ 

^  STavoD  lo  9on9ap98  Xfidnaerrabooi  5(X)iB9w  b  asri  X  (b.) 

.819VO0  io  SDosi/psa  gninXiai-jJ  jIbsw  b  asrf  X  (d) 

-  1^' 

XBinamsfaao^  vXMbsw  b  9d  .iooi^ 

.839VOO  io  oonaupsa  gninria's-X  ;Is9w  e  3on  boB  aisvoo  io  aondopsa 

asniis:!  sauraaB  eu  39X  '^dilBianag  io  aaoX  duoridXW 

,0 

00 

.sooaopsa  golnliai-;!  >}b9w  b  3on  eX  .  .{.Y)  sonXa  .woH  .  J:  lioss  jqI 

i5=l  XJ' 

3Brf3  dOU8  >f  c  U  398  OSqO  OB  b^B  ji  393  3DBqflJ03  B  8381X9  979^3 

eX  9^9ri3  1  ftoBS  loi  .,cr9dT  .  1  IIb  Toi  ^  (U  -  X)  n  (^J|[,X)38 

9ri3  ,3oBqflioo  gnlad  A  .  (}>  V  (U  -  X)  n  (j,^,^x)32  3Bri3  riDoa  A  nl 
03  89s39vnoD  rfolriw  {  x}  sonswpaadna  b  asri'  .  .(.x)  oonsopsa 

riDua  X  io  ^0  boori^odrigian  b  saoorio  ^u  39J  .  X  a  x  dcloq  amoe 

loi  U  3  (  ylaooivdo  «n9riT  .  U  o  (  V  /o)32  3Bd3 

o-^  W.,0)  * 

a 

o-^  3“®8  ®  „*  (U,fo)±  <  .n*  sooi 

"  o-^  V 

gniJolqnioo  ,  a'^^x  9ri3  io  solorio  9ff3  83olfas73noD  elriT  .  x  o3  esgisvnoo 
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the  first  part  of  the  proof. 

00 

(b)  =>  (a)  .  Suppose  ^  weak  k-refinlng 

sequence  of  covers  of  X  ,  but  not  a  weakly  fundamental  sequence  of 


covers  of  X  .  Without  loss  of  generality  assume  that  i^efines 


1  °° 

,  for  each  i  .  Since  iV,}.  ,  is  not  weakly  fundamental,  there 

1  VI  1  =  1 


exists  a  point  x  e  X  with  a  neighborhood  0  such  that  for  each 

neighborhood  0^  of  x  we  have  for  all  i  ,  St(0^,V,)  n  (X  -  0  )  ^  d) 

In  particular,  this  will  be  true  if  we  put  0^  .  =  St(x,V,)  .  Let 
^  ^  x,i  ’vi' 


1  be  an  integer  such  that  0  ,  c  0 

o  X,1  X 

o 

00 


This  is  possible  as 


{St (x,^^)  is  a  base  for  the  neighborhood  system  at  x  .  Let  us 

choose  X.  e  0^  ,  (for  i  >  i  )  for  which  St(x.,V,)  n  (X  -  0  )  ^  (}>  . 

1  X,1  =  O  1  VI  X 


The  sequence 


00 

i>i 


converges  to  x  as 


{St(x,V  )} 

Vl 


i=l 


=  o 

forms  a  base  for  the  neighborhood  system  at  x  .  Obviously, 

oo 

A  =  (x  }  _  y  {x}  is  a  compact  set.  And  for  all  i  >  i  we  have 

1  i>i  =  o 


=  o 

St(A,V,)  n  (X  -  0  )  3  St(x,,V,)  n  (X  -  0  )  ^  ())  which  contradicts  the 

Vl  X  1  Vl  X 

00 

fact  that  {V.},  ,  is  a  weak  k-refining  sequence  of  covers  of  X  . 

Vl  1=1 


Theorem  7.1.3 

(a) 

(b) 

(c) 


For  a  T^-space  the  following  statments  are  equivalent: 
X  is  a  Nagata  space; 

X  has  a  weakly  fundamental  sequence  of  covers; 

X  has  a  weak  k-refining  sequence  of  covers. 


Proof . 


By  Proposition  7.1.2  (b)  <=>  (c)  . 

OO 

(b)  =>  (a)  Let  ^  weakly  fundamental  sequence 


.ctr 


1  ►  *  -  .fooiq  Bd^ 

j 

*k-  .*» 

galnt^BJ-if  ^B3W  B  8l  9eoqqo8  .  (b)  <—  (d) 

lo  donsupBa  lB3n9niBf>no5  Tfl^fesw  a  3on  ^ud  «  X  5o  aiavoo  io  BonBupBa 

BBnll&y  ‘.iH.  3flrfd  sniuaaB  ^:j±£a'i9n9g  io  eaol  iooriaJrW  .  X  io  aisvo^ 
I-rxw' 

9i9di  , XaaoBinBbnui  9oni2  .  1  rioBS  lol 

rioas  io5  iBd3  rioi/e  0  boorisodriglan  6  riilw  X  3  x  SnXoq  b  aJelxs 

.  4)  %  (  0  -  X)  n  (  V,'^0)38  .  t  9V6d  9w  X  io  ^0  bood^odriglaa 

X  X''  3^ 

J9J  .  (  V.x)38  *  ,  ■*’0  doq  9W  21  au’xti  ad  Iliw  8lri3  ,XBlyDl3XBq  ol 
1'^  x,x 

B6  sidlaaoq  el  aldT  .  0  o  ^0  lerii  dowa  T9S93nl  n*  »d  1 

t  o  « 

zu  3dJ  .  X  Is  1B938Y8  booflxodrigian  9ri3  lol  aasd  a  el  (^J|^,x)J8} 

"  '  I 

.  ^  ^  (  0  -  X)  n  (,V,,x)l2  rioldw  soi  (  1  <  1  io2)  .  0  3  x  seoorio 

X  1'/'  1  o  ®*  -C«x  X 

'  ■  -I. 

^_*{(^y,x>38}  8B  X  03  89g39VfT0D  sonsupsa  9ffr 


,Yla^ol^dO  .  X  3B  093 BY®  boodioddgisn  sd3  3o2  sasd  &  amoi 
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of  covers  of  X  .  It  is  easy  to  see  that  for  each  x  e  X  , 

{St(St(x,V.) is  a  base  for  the  neighborhood  system  at  x  . 

Now,  for  each  i  define  U.(x)  =  St(St(x,y . ) ,y. )  and  S . (x)  =  St(x,V.) 
Suppose  S^(x)  n  S^(y)  ^  cj)  ,  then,  clearly  y  e  U^(x)  for  each  i  . 
Thus,  X  is  a  Nagata  space. 

(a)  ==>  (b)  Let  X  be  a  Nagata  space.  Then  by 

00  oo 

definition  there  exist  sequences  {U  (x) }  ,  and  {S  (x)}  ,  of 

n  n=l  n  n=l 

neighborhoods  of  x  such  that 

(1)  for  each  x  e  X  ,  {U  (x) }  .  is  a  local  base  of 

n  n=l 

neighborhoods  of  x  ; 

(2)  for  all  x,y  e  X  ,  ^  implies 

X  e  U^(y)  . 

Without  loss  of  generality  let  us  assume  that  S  (x)  c  U  (x)  , 

n  n 

S  T (x)  c  S  (x)  ,  U  (x)  c  U  (x)  for  each  n  and  x  e  X  .  Now, 
n+l  n  n+i  n 

define  d  :  X  x  X  ->  R  by  setting  d(x,y)  =  ,  where  n  is  the 

largest  integer  for  which  y  £  ^  ^ 

difficult  to  show  that  d  is  a  semi-metric  for  X  .  For  each 

positive  integer  n  ,  let  be  the  collection  of  all  sets  of 

diameter  less  than  —  .  Then  for  each  n  ,  S(x;  — )  =  St(x,V  )  , 

n  ’  ’  n  ’^n  ’ 

for  let  y  £  S(x;  — )  .  Then  A  =  {x,y}  e  V  implies  y  £  St(x,V  )  . 

n  "^n  "^n 

On  the  otherhand,  let  y  €  St(x,y  )  .  Then  there  is  A  £  y  such  that 

'^^n  ^n 

x,y  e  A  ,  and  therefore,  d(x,y)  <  diameter  of  A  <  —  .  Thus 

—  n 

y  €  S(x,  — )  ,  and  {St(x,V  )}  -  is  a  base  for  the  neighborhood 

n  '^n  n=l 

system  at  x  . 
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00  «  I 
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LjSCU  . 
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A.. 
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00 

It  remains  to  show  that  {St(St(x,V  ),V  )}  ,  is  a  base  for 
the  neighborhood  system  at  x  .  Let  x  e  X  and  U  be  any  neighbor¬ 
hood  of  X  .  Suppose  for  all  n  we  have  St(St(x,V  ),V  )  -  U  ^  6  , 

i.e.,  for  each  n  there  is  x  e  St(St(x,V  ) ,V  )  -  U  .  For  each 
’  n  ’'^^n  *^n 

n  there  is  A  and  B  in  V  such  that  x  e  A  ,  x  e  B  and 
n  n  n  n  n  n 

A  n  B  ^  6  .  Now,  by  the  definition  of  d  ,  we  have  S  (x)  n  S  (x  )  /  d) 
nn  nnn 

for  each  n  .  Hence,  for  some  m  ,  x  c  U  for  which  U  (x)  c  u  , 

m  m 

which  contradicts  the  construction  of  the  sequence  {x  }  .  Hence 

m 

the  theorem  is  proved. 

Theorem  7.1.4  A  regular  space  is  Nagata  iff  it  is  first  countable 
and  has  a-cushioned  paired  almost  base. 

Proof.  Necessity  follows  trivially.  Sufficiency  follows  on  the  same 
line  as  Theorem  4.2.3  in  [46]. 


Corollary  7.1.4A  Every  Nagata  space  is  semi-metric. 


Definition  7.2.1  A  function  f  :  X  ->  Y  is  called  g-cushloned  paired 
mapping  iff  f  is  such  that  for  any  a-cushioned  paired  open  base 
I  ‘  I  a  6  A.}  the  fQ)  =  >  I 

is  a  a-cushioned  paired  cover  of  Y  which  need  not  be  open  or  closed. 


Theorem  7.2.1  For  a  T^-space  Y  the  following  statements  are 
equivalent : 


(1) 


Y  has  a  a-cushioned  paired  network; 


lot  93fid  B  el 
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(2)  Y  is  the  image  of  a  M^-space  under  a  a-cushioned 
paired  mapping  which  is  one  to  one  and  continuous . 

Proof.  (1)  =>  (2)  Let  V  be  a  a-cushioned  paired  network  for 
Y  .  Then  there  exists  a  a-cushioned  paired  network  1^  as  in 
Proposition  2.1.4.  Let  X  be  a  copy  of  Y  topologized  by  taking 
U  as  base  for  the  topology  of  X  .  Then,  obviously  X  is  a  T^- 
space  with  a-cushioned  paired  base  ,  i.e.,  X  is  an  M^-space.  Let 
f  :  X  ^  Y  be  the  identity  transformation.  Clearly  f  is  one  to  one 
continuous.  f  is  a-cushioned  follows  by  the  construction  of  base 
for  X  . 

Remark  7.2.1  It  is  to  be  noted  that  a-cushioned  paired  mapping  need 
not  be  closed  or  open.  This  follows  since  there  exist  non  M^-spaces 
which  have  a-cushioned  networks.  Hence,  if  a-cushioned  mappings 
implied  closedness  or  openness  of  f  by  the  above  theorem,  every 
T^-space  with  (^-cushioned  paired  network  would  be  an  M^-space  which 
is  not  true. 

Definition  7.2.2  A  regular  space  X  is  called  an  M^-space  iff  it 
has  a-closure  preserving  open  base. 

Definj-tion  7.2.3  A  function  f  :  X  ->  Y  is  called  a-closure  preserving 
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Theorem  7.2.2  For  a  regular  space  Y  ,  the  following  statements 
are  equivalent : 

(1)  Y  has  a-closure  preserving  network; 

(2)  Y  is  an  image  of  an  M^-space  under  a  a-closure 
preserving  mapping  which  is  one  to  one  and  continuous. 

Proof .  Is  similar  to  Theorem  7.2.1. 

Remark  7.2.2  There  exist  regular  spaces  with  a-closure  preserving 
networks  which  are  not  M^-spaces  and  so  not  M^-spaces  by  Ceder  [16] : 
following  Remark  7.2.1  we  can  now  show  that  a  a-closure  preserving 
mapping  need  not  be  closed  or  open. 

Remark  7.2.3  We  feel  that  Theorem  7.2.1  and  Theorem  7.2.2  will 
probably  help  in  answering  the  question  of  Ceder  [16]  :  "Is  an 
M^-space  an  M^-space"? 

Theorem  7.3.1  (Tamano  [55])  A  completely  regular  space  X  is 

metrizable  iff  X  x  BX  is  normal  and  A  =  {(x,x)  |  x  e  X}  is  a 

closed  Gj,-set  in  X  x  BX  ,  where  BX  is  any  Hausdorff  compactif Ication 
0 

of  X  . 

Theorem  7.3.2  If  X  is  a  completely  regular  space,  then  X  is 
metrizable  iff  X  is  a  p-space  with  G^-diagonal  and  X  x  bX  is 
normal,  where  BX  is  a  Hausdorff  compactif ication  of  X  . 
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Proof .  Follows  from  Theorems  6.1.1  and  8.1.1. 

Remark  7.3.1  In  view  of  Theorem  8.1.1,  it  is  easy  to  see  that  the 
normal  Moore  space  problem  (is  every  normal  Moore  space  metrizable?) 
is  equivalent  to  asking  whether  or  not  product  of  normal  Moore  space 
with  any  of  its  Hausdorff  compactif ication  is  normal. 

The  following  theorem  gives  a  factorization  of  a  metrization 
Theorem  4  by  Bing  [11]  and  answers  the  question  raised  by  McAuley  [35]. 

Theorem  7.3.3  A  completely  regular  space  X  is  metrizable  iff  the 
following  conditions  are  satisfied: 

(a)  X  has  a-cushioned  paired  network; 

(b)  X  is  first  countable; 

(c)  X  is  a  p-space; 

(d)  X  is  collectionwise  normal. 

Proof .  By  Theorem  4.1.4  (a)  and  (b)  imply  that  X  is  a  semi -metric 
space.  By  Theorem  6.1.5  (a),  (b)  and  (c)  imply  X  is  developable. 
Finally  by  Bing  [11]  (a),  (b),  (c)  and  (d)  combined  together  imply 
X  is  metrizable.  The  converse  is  well-known. 

Remark  7.3.2  For  the  metrizability  of  X  in  Theorem  7.3.3,  condition 
(b)  is  redundent  as  (a)  and  (c)  implies  (b)  by  Theorem  6.1.4. 

Theorem  7.3.4  A  Nagata  space  X  is  metrizable  iff  any  one  of  the 
following  conditions  are  satisfied: 
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(i) 

X 

is  a  p-space; 

(ii) 

X 

has  point  countable  base; 

(iii) 

X 

is  quasi-metrizable. 

Proof .  (i)  If  a  Nagata  space  is  a  p-space  by  Corollary  7.1.4A  and 

Corollary  6.1.4A,  it  is  a  developable.  Since  Nagata  space  is  also 
paracompact  by  Theorem  2.2  of  Ceder  [16].  By  Bing  [11]  X  is 
metrizable. 

(ii)  See  Theorem  2  of  Heath  [25]. 

(iii)  If  X  is  a  Nagata  space  which  is  also  quasi-metrizable . 

By  Theorem  5.2.2  it  is  easy  to  show  that  there  exist  sequences 
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{U  (x) }  T  and  {S  (x) }  ^  of  neighborhoods  satisfying 
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00 
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X  e  U  (y)  . 
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(c)  for  all  x,y  e  X  ,  ye  S^(x)  implies  ^  ’ 

Hence  by  Theorem  1  of  Nagata  [44]  X  is  metrizable.  The  converse 
is  obvious . 

Theorem  7.3.5  A  regular  a-paracompact  M-space  X  is  metrizable 
iff  X  has  G^-diagonal. 

Proof.  By  Theorem  6.1  of  [41],  there  exists  a  metrizable  space 

Y  and  a  mapping  f  from  X  onto  Y  such  that  f  is  continuous 
closed,  and  f  ^y  is  countably  compact  for  each  y  e  Y  . 


Thus 


;90Hq8-q  b  el  X  (Jt) 

'  ;deBd  sldadnuoD  irfioq  aftrf  X  (li) 

.3ldCSll3dflI'l6&i/p  X  (iii) 

It 

baa  A^.I.Y  90Bq3-q  &  ei  soeqe  Bdssatl  fi  51  (i)  . IootSI 

obIb  el  93Bqe  ei^sgePI  soniZ  .dldeqolsvsb  a  al  di  .AA.I.d  y^ailoioO 
,  al  X  mi  sale  ttfl  *  .[dl]  isbsD  5o  S,S  me'soadT  doaqaooaiaq 

.9ldasl:(dsa 


.[?£]  fiJaaH  5o  S  urD^oadT  saS  (11)  - 

n 

.sldaslidam-laaup  oela  al  rfoldw  soBqa  sdagaM  a  ai  X  il  (111) 

aaonsupsa  daixs  strsdd  jarfd  uoria  od  ^saa  el  d±  S.S.S  casTOdriT  x® 

i  ■ 


Snly^aldaa  afaooriioddalsn  5o  ,  *{(x)  Z)  bna  .  *{(x)  U) 

l=n  n  i.»o.  n 

,  X  da  0dd8xa  boorirodriglaa  srfj  3o5  aaad  a  al 

ealiqjni  ^  V  <x)^8  n  (x)^8  .  X  a  J^Ia  lol  (d) 

.  (y)  U  5  X 
a 

.  (x)^U  a  aallqflii  ^  X  <  X  3  y,x  Ila  to5  (o) 

aaaavnoo  ariT  .sldaslTdam  el  X  [Ai^l  adassM  5o  I  ms^oadT  yd  oaasB 

.ai/olvdo  b1 


aldasliiam  el  X  aoaqe-M  doBqmooBiaq-o  ^alugai  A  g.£.T  gsioariT 

'•  .Ifiiiogalb-jO  sad  X  111 

■  '  'f  ' 

r*  ,  .- 

soaqa  dldssl^aci  a  adatxa  aiarid  JIA]  lo  I.d  nr9:ro9riT  yH  -loo^l 

aaounldtioo  al  5  darid  doua  Y  odno  X  moil  5  gnlqqara  a  b/ia  I 

•oriT  .  Y  3  y  rioas  to5  doeqmoo  yldadnuoo  el  y’^“a  bna  ♦bsaoXo 


100. 


by  our  Proposition  3.3.11A,  f  y  is  compact,  and  so  f  is  a  perfect 
mapping.  Thus,  by  Arhangelskii  [4]  X  is  a  paracompact  p-space  with 
G  -diagonal.  Hence,  by  Corollary  6.1.2A  and  Bing  [11],  X  is 
metrizable. 

Corollary  7.3.5A  A  regular  semi-metric  space  is  metrizable  iff  it 
is  an  M-space. 
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